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1 Introduction 

In [Na] we have dealt with a deformation of a projective symplectic variety. 
This paper, on the contrary, deals with a deformation of a local symplectic 
variety. More exactly, we mean by a local symplectic variety, a normal variety 
X satisfying 

1. there is a birational projective morphism from X to an affine normal 
variety Y, 

2. there is an everywhere non-degenerate d-closed 2-form u on the regular 
part U of X such that, for any resolution 7r : X — > X with 7r _1 (?7) = U, 
uj extends to a regular 2-form on X. 

In the remainder, we call such a variety a convex symplectic variety. A 
convex symplectic variety has been studied in [K-V], [Ka 1] and [G-K]. One 
of main difficulties we meet is the fact that tangent objects and T y are 
not finite dimensional, since Y may possibly have non-isolated singularities; 
hence the usual deformation theory does not work well. Instead, in [K-V], 
[G-K], they introduced a Poisson scheme and studied a Poisson deformation 
of it. A Poisson deformation is the deformation of the pair of a scheme 
itself and a Poisson structure on it. When X is a convex symplectic variety, 
X admits a natural Poisson structure induced from a symplectic 2-form u\ 
hence one can consider its Poisson deformations. Then they are controlled 
by the Poisson cohomology. The Poisson cohomology has been extensively 
studied by Fresse [Fr 1], [Fr 2]. In some good cases, it can be described 
by well-known topological data (Corollary 10). The first application of the 
Poisson deformation theory is the following two results: 
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Corollary 25. Let Y be an affine symplectic variety with a good C*- 
action and assume that the Poisson structure of Y is positively weighted. 
Let 

X -Z> Y t- X' 

be a diagram such that, 

1. / (resp. /') is a crepant, birational, projective morphism. 

2. X (resp. X') has only terminal singularities. 

3. X (resp. X') is Q-factorial. 

Then both X and X' have locally trivial deformations to an affine variety Y t 
obtained as a Poisson deformation of Y . In particular, X and X' have the 
same kind of singularities. 

A typical situation of Corollary 25 is a symplectic flop. At this moment, 
we need the "good C* contition" to make sure the existence of an algebraiza- 
tion of certain formal Poisson deformation. For the exact definition of a good 
C*-action, see Appendix. But even if Y does not have such an action, one 
can prove: 

Corollary 31. Let Y be an affine symplectic variety. Let 

X -A Y t- X' 

be a diagram such that, 

1. / (resp. /') is a crepant, birational, projective morphism. 

2. X (resp. X') has only terminal singularities. 

3. X (resp. X') is Q-factorial. 

// X is smooth, then X' is smooth. 

The proofs of Corollaries 25 and 31 are essentially based on [Ka 1], where 
he proved that the smoothness is preserved in a symplectic flop under certain 
assumptions. Corollaries 25 and 31 are local versions of Corollary 1 of [Na]. 
More general facts can be found in Corollary 30. 

The following is the second application: 
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Corollary 28. Let Y be an affine symplectic variety with a good C*- 
action. Assume that the Poisson structure of Y is positively weighted, and 
Y has only terminal singularities. Let f : X — > Y be a crepant, birational, 
projective morphism such that X has only terminal singularities and such 
that X is Q-factorial. Then the following are equivalent. 

(a) X is non-singular. 

(b) Y is smoothable by a Poisson deformation. 

In the proof of Corollary 28, we observe that the pro-representable hulls 
(= formal Kuranishi spaces) of the Poisson deformations of X and Y are 
isomorphic. Here we just use the assumption that Y has only terminal sin- 
gularities. Thus, any formal Poisson deformation of Y is obtained from that 
of X by the contraction map; this makes it possible for us to obtain (a) from 
(b). But, what we really want, is just that the formal Kuranishi space for 
X dominates that for Y. The author believes that this would be true if Y 
does not have terminal singularities. So our final goal would be the following 
conjecture: 

Conjecture. Let Y be an affine symplectic variety with a good C* -action. 
Assume that the Poisson structure of Y is positively weighted. Then the 
following are equivalent. 

(1) Y has a crepant projective resolution. 

(2) Y has a smoothing by a Poisson deformation. 

The contents of this paper are as follows. In §2 we introduce the Poisson 
cohomology of a Poisson algebra according to Fresse [Fr 1], [Fr 2]. In Proposi- 
tions 5, we shall prove that a Poisson deformation of a Poisson algebra is con- 
trolled by the Poisson cohomology. In particular, when the Poisson algebra 
is smooth, the Poisson cohomology is computed by the Lichnerowicz-Poisson 
complex. Since the Lichnerowicz-Poisson complex is defined also for a smooth 
Poisson scheme, one can define the Poisson cohomology for a smooth Poisson 
scheme. In §3, we restrict ourselves to the Poisson structures attached to a 
convex symplectic variety X. When X is smooth, the Poisson cohomology 
can be identified with the truncated De Rham cohomology (Proposition 9). 
When X has only terminal singularities, its Poisson deformations are the 
same as those of the regular locus U of X. Thus the Poisson deformations 
of X are controlled by the truncated De Rham cohomology of U. Theorem 
14 and Corollary 15 assert that, the Poisson deformation functor of a convex 
symplectic variety with terminal singularities, has a pro-representable hull 
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and it is unobstructed. These are more or less already known. But we re- 
produce them here so that they fit our aim and our context, (see also [G-K], 
Appendix). Kaledin's twistor deformation is also easily generalized to our 
singular case; but this generalization is very useful in the proof of Corollary 
25. At the end of this section we shall prove the following two key results: 

Theorem 17. Let X be a convex symplectic variety with terminal sin- 
gularities. Let (X, { , }) be the Poisson structure induced by the symplectic 
form on the regular part. Assume that X an is (^-factorial. Then any Pois- 
son deformation of (X,{ , }) is locally trivial as a flat deformation (after 
forgetting Poisson structure). 

Theorem 19. Let X be a convex symplectic variety with terminal sin- 
gularities. Let L be a (not necessarily ample) line bundle on X . Then the 
twistor deformation {X n } n >i of X associated with L is locally trivial as a 
flat deformation. 

§4 deals with a convex symplectic variety with a good C*-action. The 
main results of this section are Corollary 25 and Corollary 28 explained above. 
These are actually corollaries to Theorem 19 and Theorem 17 respectively. 
In §5 we consider the general case where Y does not have a good C*-action. 
Corollary 30 is a similar statement to Corollary 25 in the general case; but 
for the lack of algebraizations, it is not clear, at this moment, how the singu- 
larities of X' are related with those of X. Finally, we shall prove Corollary 
31 explained above. In §6 one can find a concrete example of a Poisson de- 
formation (Example 32). Example 33 is an example of a singular symplectic 
flop. The final section is Appendix, where some well-known results on good 
C*-actions are proved. The main result of Appendix is Corollary A. 10. For 
a non-compact variety, the analytic category and the algebraic category are 
usually quite different. However, Corollary A. 10 asserts that when we have 
a good C*-action, they are well-combined. 

The author would like to thank A. Fujiki for the discussion on Lemma 
A. 8 in the Appendix, and D. Kaledin for pointing out that Corollary 30 is not 
sufficient for us to claim that X and X' have the same kind of singularities. 

2 Poisson deformations 

(i) Harrison cohomology: Let S be a commutative C-algebra and let A 
be a commutative S'-algebra. Let S n be the n-th symmetric group. Then S n 



2 POISSON DEFORMATIONS 



5 



acts from the left hand side on the n-tuple tensor product A ®s ... £g>s A as 

7r(ai ® ... (g) a n ) := a n -i^) ® ... <g> a^-i^, 

where 7r e S n . This action extends naturally to an action of the group algebra 
C[S n ] on A <S>s ■■■ ®s A. For < r < n, an element 7r e 5 n is called a pwe 
shuffle of type (r, n — r) if 7r(l) < ... < 7r(r) and7r(r + l) < ... < n{n). Define 
an element s rj „_ r G CfSVJ by 

s r , n _ r := Ssgn(7r)7r, 

where the sum runs through all pure shuffles of type (r, n — r). Let N be the 
S'-submodule of A ® 5 A... <g> 5 A generated by all elements 

{s r , n _ r (ai ® ... ® a„)} <r< 

Define ch n (A/5') := (A <g> 5 A... ® 5 A)/N. Let M be an A-module. Then the 
Harrison chain {ch.(A/S; M)} is defined as follows: 

1. ch n {A/S- M) := ch n (A/S) ® s M 

2. the boundary map d n : ch n (A/ S; M) — > da n -i(A/S; M) is defined by 
d n (ai ® ... <g) a n ® m) := 

ai®...®a n m+Si<j<„_i(— l)"~ i ai(g>...®a;aj + i®...(g>a n ®m-|-(— l) ra a 2 <g>...£g>a r) ,<g>aim. 

We define the n-th Harrison homology H&r n (A/S; M) just as the n-th 
homology of ch.^/S'; M). 

The Harrison cochain {ch'(A/S; M)} is defined as follows 

1. ch n (A/S;M) :=Eom s {ch n {A/S),M) 

2. the coboundary map d n : ch n (A/S; M) -> ch" +1 (A/5; M) is defined by 
(rf n /)(ai ® ... ® a„+i) := (-l) n+1 a 1 /(a 2 <g> ... <g> a n+1 ) 

+Si<i<„(-l) n+1_ V( a i <E> ••• <8> OjOi+i ® ... ® a n+ i) + f{a 1 <g) ■■■ <S> a n )a n+1 . 

We define the n-th Harrison cohomology Hax n (A/S; M) as the n-th co- 
homolgy of ch'(A/S; M). 
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Example 1. Assume that S = C. Then ch 2 (A/C; A) = Sym 2 c (A) <g> c A 
and chi(A/C; A) = A ® c A. The boundary map <9 2 is defined as 

9 2 ([ai ® a 2 ] ® a) := ai ® a 2 a — a x a 2 <8> a + a 2 <8> OiQ- 

We see that im(9 2 ) is a right A-submodule of A ® c -<4- Let I C A <S>c A be 
the ideal generated by all elements of the form a®b—b®a with a,b E A. 
Then we have a homomorphism of right A-modules i" — > (A ®c A)/im(9 2 ). 
One can check that its kernel coincides with I 2 . Hence we have 

^/c-Han^/C;^). 

In fact, the Harrison chain ch.(A/C; A) is quasi-isomorphic to the cotangent 
complex L' A ^ C for a C-algebra A (cf. [Q]). 

Let A and S be the same as above. We put S[e] := S ®c C[e], where 
e 2 = 0. Let us consider the set of all Sfej-algebra structures of the ,S[e] -module 
A® s S[e] such that they induce the original ^-algebra A if we take the tensor 
product of A^gS'le] and S over S[e]. We say that two elements of this set are 
equivalent if and only if there is an isomorphism of S[e] -algebras between them 
which induces the identity map of A over S. We denote by D(A/S, S[e]) the 
set of such equivalence classes. Fix an Sfe] -algebra structure (A ® s S[e], *). 
Here * just means the corresponding ring structure. Then we define Aut(*, S) 
to be the set of all S^ej-algebra automorphisms of (Agis^e], *) which induces 
the identity map of A over S. 

Proposition 2. Assume that A is a free S module. 

(1) There is a one-to-one correspondence between H.&r 2 (A/S; A) and 
D(A/S,S[e\). 

(2) There is a one-to-one correspondence between Har 1 (A/S f ; A) and 
Aut(*,S). 

Proof. We shall only give a proof to (1). The proof of (2) is left to the 
readers. Denote by * a ring structure on A ® s S[e] = A © Ae. For a,b e A, 
write 

a*b = ab + e<f)(a, b) 

with some <fi : A x A — > A. The multiplication of an element of S[e] and 
an element of A ®s S[e] should coincides with the action of S[e] as the S[e\- 
module; hence a* e = ae and ae * e = 0. Then 



a * (be) = a * (b * e) = (a * b) * e 
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= {ab + (j)(a, b)e} * e = abe + <f>(a, b) * (e * e) = abe. 

Similarly, we have (ae) * (fee) = 0. Therefore, * is determined completely by 
(p. By the commutativity of *, G Homs(Sym|(A), A). By the associativity: 
(a * b) * c = a * (b * c), we get 

(f)(ab, c) + c0(a, b) = 0(a, be) + a<p(b, c). 

This condition is equivalent to that G Ker(d 2 ), where d 2 is the 2-nd 
coboundary map of the Harrison cochain. Next let us observe when two ring 
structures * and *' are equivalent. As above, we write a * b = ab + e<j)(a, b) 
and a*' b = ab + 6(f)' (a, b). Assume that a map ip : A © Ae — > A © Ae gives an 
equivalence. Then, for a G A, write ip(a) = a + f(a)e with some / : A — > A. 
One can show that ip(ae) = ae. Since ip(a) *' ip{b) = ip(a * b), we see that 

<f>'(a, b) - 0(a, b) = f(ab) - af(b) - bf(a). 

This implies that — <fi G im(<i 1 ). 

Remark 3. Assume that S is an Artinian ring and A is flat over S. 
Then A is a free S'-module and for any flat extension A 1 of A over S[e], 
A' = A (g) S S[e] as an 5^-module. 

(ii) Poisson cohomology (cf. [Fr 1,2]): Let A and S be the same as 
(i). Assume that A is a free S'-module. Let us consider the graded free 
S'-module ch. (A/S) := ©o< m ch m (A/S) and take its super-symmetric algebra 
S(ch.(A/S)). By definition, S(ch.(A/S)) is the quotient of the tensor algebra 
T{ch.{A/S)) := © <„(ch.(A/S))® n by the two-sided ideal M generated by 
the elements of the form: a®b— (—l) pq b © a, where a G ch p (A/S) and 
b G ch q (A/S). We denote by S(ch.(A/S)) the truncation of the degree 
part. In other words, 

S(ch.(A/S)) := ® 0<n (ch.(A/S))® n /M. 

Now let us consider the graded A-module 

S(ch.(A/S)) © 5 A := ch.(A/S) © 5 A © (5 2 (ch.(A/S)) © 5 A) © ... 

The Harrison boundary maps d on ch. (A/S) ©5 A naturally extends to those 
on S n (ch.(A/S)) ©5 A. In fact, for at G ch Pi (A/S) ©5 A, 1 < i < n, denote 
by ai • • • a n G S^(ch.(A/ S) ©5 A) their super-symmetric product. We then 
define d inductively as 

d(a 1 ...a n ) := d(a 1 )a 2 ...a n + (-l) Pl a! • d(a 2 ...a n ). 
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In this way, each S^ch^A/ S) Cg>s A) = S n (ch.(A/ S)) ®s A becomes a chain 
complex. By taking the dual, 

Kom A {S n (ch.(A/S))® s A,A) 



Rom s (S n (ch.(A/S)),A) 



becomes a cochain complex: 



Hom(ch 3 ,A) 

d T ^ (i) 

Hom(ch 2 , A) Hom(ch 2 ® ch 1? A) 

d d d 

Hom(chi,A) Hom(A 2 ch 1; A) Hom(A 3 chi, A) ... 

Here we abbreviate chi(A/S) by chj and Homs(...) by Hom(...). We want 
to make the diagram above into a double complex when A is a Poisson S- 
algebra. 

Definition. A Poisson ^-algebra A is a commutaive S'-algebra with an 
S- linear map 

{ , } : AfA - A 

such that 

1. {a, {b, c}} + {b, {c, a}} + {c, {a, b}} = 

2. {a, be} = {a,b}c + {a, c}b. 

We assume now that A is a Poisson ^-module such that A is a free S- 
module. We put Ts(A) := ®o<n(A)® n . We shall introduce an S-bilinear 
bracket product 

[ , ] : f s (A) x f s (A) - f s (A) 

in the following manner. Take two elements from T S (A): f = /i ® ... <8>/ p and 
g — gi <S> ■■■ <S> g q - Here each and each gi are elements of A. Let n e S'p+.j 
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be a pure shuffle of type (p, q). For the convention, we put fi +p := ^. Then 
the shuffle product is defined as 

f ■ g := Ssgn(7r)/ 7r(1) ® ... <g> / w (p+,), 

where the sum runs through all pure shuffle of type (p, q). For each term of 
the sum (which is indexed by tc), let I n be the set of all i such that ir(i) < p 
and ir(i + 1) > p + 1 (which implies that f n (i+i) = g n (i+i)- p )- Then we define 
[/, 9] ^ 

Ssgn(7r)(S ie ^(-l) l+1 ^(i) <E> ••• ® ® ••• ® / ff (p+5))- 

The bracket [ , ] induces that on ch.(A/S) by the quotient map T S (A) — > 
ch.(A/S'). By abuse of notation, we denote by [ , ] the induced bracket. We 
are now in a position to define coboundary maps 

5 : Eom s (S s ^(ch.{A/S)),A) -> Hom 5 (<S s (ch.(A/S)), ,4) 

so that Homs(S(ch.(A/ S)), A) is made into a double complex together with 
d already defined. We take an element of the form x\ • ■ -x s from S s (ch.(A/ S)) 
with each X{ being a homogenous element of ch.(A/S). 
For / G Hom s (5 s - 1 (ch.(A/ 1 S)),A), we define 

ri( /)(./• ;..../•..) := £ (-l)^^,/^---^---^)] 

l<j<s 

^ ^ ( 1) ^ / ( \x i , Xj] • • • Xi • • • Xj Xg). 

i<j 



Here [ , ] is the composite of [ , ] and the truncation map ch.(A/S) 
chi(A/S)(= A). Moreover, 

a(i) := deg(xi) • (deg(xi) + ... + deg(xi_i)) 

and 

r(i,j) := deg(xj)(dega;i + ... + degx;_i) 
+deg(x i )(deg(a;i) + ... + deg(x;) + ... + degfo-i)). 
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We now obtain a double complex (Rom s (S(ch.(A/ S)), A), d, 5). The n- 
th Poisson cohomology HP n (A/ S) for a Poisson ^-algebra A is the n-th 
cohomology of the total complex (by d + 5) of this double complex. 



Hom(ch 3 , A) 



Hom(ch 2 ,A) — - — > Hom(ch 2 <8> chi, A) — — 



Hom(chi, A) 



Hom(A 2 chi, A) 



Hom(A 3 chi, A) 



(2) 



Example 4. We shall calculate 5 explicitly in a few cases. As in the 
diagram above, we abbreviate Hom s by Horn, and ch^A/ S) by chj. 

(i) Assume that / E Hon^ch^A). 

5(f)(a A b) = {a, /(&)} + {f(a), b} - f({a, b}). 



(ii) Assume that (p E Hom(ch 2 , A). For (a, b) E Sym 2 s (A)(= ch 2 ), and for 
c E A{= chi), 

5(<p)((a, b) ■ c) = [(a, b), <p(c)] + [c, <p(a, b)} - <p([(a, b), c]) 
= {c, <p(a, b)}- <p({c, b}, a) - <p({c, a}, b). 



(hi) Assume that ip E Hom(A 2 ch 1; A). 

5{ip){a A 6 A c) = {a, if)(b, c)} + {b, ip(c, a)} + {c, ij)(a, b)} 
+*P(a, {b, c}) + ^(6, {c, a}) + ^(c, {a, 6}). 



Let A be a Poisson ^-algebra such that A is a free ^-module. We put 
S^e] := S ®c C[e], where e 2 = 0. Let us consider the set of all Poisson S[e\- 
algebra structures on the S^ej-module A ®s ,S[e] such that they induce the 
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original Poisson S'-algebra A if we take the tensor product of A © 5 S[e] and 
S over S[e\. We say that two elements of this set are equivalent if and only if 
there is an isomorphism of Poisson S[e] -algebras between them which induces 
the identity map of A over S. We denote by PD(A/S, S[e]) the set of such 
equivalence classes. Fix a Poisson S^ej-algebra structure (A<S>s S[e], *, { , }). 
Then we define Aut(*, { , }, S) to be the set of all automorphisms of Poisson 
S[e] -algebras of (A <g> 5 S[e], *,{ , }) which induces the identity map of A over 
S. 

Proposition 5. (1) There is a one-to-one correspondence between 
HP 2 (A/S) and PD(A/S, S[e}). 

(2) There is a one-to-one correspondence between HP 1 (A/S) and 
Aut(*,{, },S). 

Proof. (1): As explained in Proposition 2, giving an 5 [e]- algebra structure 
* on A © Ae is equivlaent to giving ip £ Hom s (Sym|(A), A) with d(ip) = 
such that a * b = ab + etp(a, b). Assume that { , } e is a Poisson bracket on 
(A © Ae, *) which is an extension of the original Poisson bracket { , } on A. 
We put 

{a, b} e = {a, b} + ip(a, b)e. 

Since {a, be} e = {a,b * e} e = {a, b}e and {ae, be} = 0, the Poisson structure 
{ , } e is completely determined by vp. By the skew-commutativity of { , }, 
ijj E Rom s (A 2 s A,A). The equality 

{a, b * c} e = {a, b} e * c + {a, c} e * b 

is equivalent to the equality 

(*) : ip(a, be) — cip(a, b) — bip(a, c) 

= <f({a, b}, c) + ip({a, c], b) - {a, <p(b, c)}. 

The equality 

{a, {b, c} t } t + {b, {c, a} e } e + {c, {a, b} e } e = 
is equivalent to the equality 

: i/j(a, {b, c}) + i){b, {c, a}) + ip(c, {a, b}) 



+{a, 4>(b, c)} + {b, ^(c, a)} + {c, ^(a, b)} = 0. 
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We claim that the equality (*) means 5(ip) + d(ip) = in the diagram: 

Hom(Sym 2 (A), A) Hom(Sym 2 (A) ®A,A) Hom(A 2 A, A). 
By Example 4, (ii), we have shown that 

5(ip)((a, 6) • c) = {c, ip(a, b)} - ip({c, b}, a) - ip({c, a}, b). 
On the other hand, for the Harrison boundary map 

d : Sym 2 (A) ® s A ® s A -> A 2 A ® 5 A, 

we have 

<9((a, 6) <g> c (g) 1) = b(a A c) - a& A c + a(6 A c). 
Since d is defined as the dual map of d, we see that 

dtp ((a, b) • c) — ip(c, ab) — aip(c, b) — bip(c, a). 

As a consequence, we get 

(S(p + dip) ((a, b) ■ c) = ip(c, ab) — aip(c, b) — bip(c, a) 

+{c, tp(a, b)} - tp({c, b}, a) - tp({c, a}, b). 

By changing a and c each other, we conclude that 5(tp) + d(ip) = 0. 

By the equality (**) and Example 4, (iii), we see that (*★) means S(ip) = 
for the map 5 : Hom(A 2 A, A) — > Hom(A 3 A, A). Next, let us observe when 
two Poisson structures (ip, ip) and (ip', ip') (on A® Ae) are equivalent. Assume 
that, for / G Hom s (A,A), 

Xf- A® Ae ^ A® Ae 

gives such an equivalence between both Poisson structures, where Xf( a ) = 
a + f(a)e, Xf( ae ) — ae f° r a G A Since Xf gives an equivalence of S[e\- 
algebras, 

(ip' - ip)(a, b) = f(ab) - af(b) - bf(a) = -d(f)(a, b) 

by Proposition 2. The map Xf must be compatible with two Poisson struc- 
ture: 

{Xf(a),Xf(b)Y e = Xf({a,b}e). 
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The left hand side equals 

{a,b} + [<j>'(a,b) + {a,f(b)} + {f(a),b}]e- 
The right hand side equals 

{a,b} + [f({a,b})+^(a,b)]e. 

Thus, we have 

(V'-V)M) = -WM), 

and the proof of (1) is now complete. We omit the proof of (2). 

We next consider the case where A is formally smooth over S. We put 
: = Horn^fi^,, A). We make ©i>o A\ Qa/s into a complex by defining 
the coboundary map 

5 : A'Qa/s -> A i+1 A/S 

as 

Sf(dai A ... A da i+ i) := y^(-l) J+1 {qj, /(dai A ... A dctj A ... A da i+1 )} 

j 

- y^^(-l) j+k+1 f(d{aj, a k }) A da x A ... A da, A ... A rfa fe A ... A da i+1 ), 

j<k 

for / e A 1 Qa/s — Hom v 4(QV s , A). This complex is called the Lichnerowicz- 
Poisson complex. One can connect this complex with our Poisson cochain 
complex C'(A/S). In fact, there is a map chx (g>s A £l\i S (cf. Example 1). 
This map induces, for each i, A l ch 1 (A/S') £g>s A — > £l\/ S - By taking the dual, 
we get 

^Qa/s -> Hom A (A i ch 1 (A/5) ® s -4, -4) = Hom(A i ch i (A/5), A). 
By these maps, we have a map of complexes 

A-e A/ s^c-(A/s). 

Proposition 6. For a Poisson S-algebra A, assume that A is for- 
mally smooth over S and that A is a free S-module. Then (A'Qa/s,^) ~^ 
(C'(A/S),d + 5) is a quasi-isomorphism. 

For the proof of Proposition 6, see Fresse [Fr 1], Proposition 1.4.9. 
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Definition. Let T := Spec(S') and X a T-scheme. Then (X, { , }) is a 
Poisson scheme over T if { , } is an C^-linear map: 

{ , } : A 2 OT O x - O x 

such that, for a,b,c G Ox, 

1. {a, {b, c}} + {6, {c, a}} + {c, {a, 6}} = 

2. {a, 6c} = {a, b}c + {a, c}b. 

We assume that X is a smooth Poisson scheme over T, where T = Spec(S') 
with a local Artinian C-algebra S 1 with S/ms = C. Then the Lichnerowicz- 
Poisson complex can be globalized 1 to the complex on X 

CC{X/T) :=(A Q X/T ,5). 

We define the i-th Poisson cohomology as 

HPpT/T) := W(X,CC{X/T)). 

Remark 7. When X = Spec(A), HP^X/T) = HP(A/5). In fact, there 
is a spectral sequence induced from the stupid filtration: 

Ef' q := H q (X,CC p (X/T)) => HP l (X/T). 

Since each CC P (X/T) is quasi-coherent on the affine scheme X, H q (X, CC P ) = 
for q > 0. Therefore, this spectral sequence degenerate at E^-terms and we 
have 

ep^x/t) = if '(rpr, re - )), 

where the right hand side is nothing but HP l (A/ S) by Proposition 6. 

One can generalize Proposition 5 to smooth Poisson schemes. Let S be 
an Artinian C-algebra and put T := Spec(S'). Let X be a Poisson T-scheme 
which is smooth over T. We put T[e] := Specie] with e 2 = 0. A Poisson 
deformation X of X over T[e] is a Poisson T[e]-algebra such that X is flat 
over T[e] and there is a Poisson isomorphism X ><T[e] T = X over T. Two 
Poisson deformations X and X' are equivalent if there is an isomorphism 
X = X' as Poisson T[e]-schemes such that it induces the identity map of X 

1 Thc definition of the Poisson cochain complex is subtle because the sheafication of 
each component of the Harrison complex is not quasi-coherent (cf. [G-K]) 
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over T. Denote by PD(X/T,T[e\) the set of equivalence classes of Poisson 
deformations of X over T[e\. For a Poisson deformation X of X over T[e], 
we denote by Aut(X,T) the set of all automorphisms of X as a Poisson 
T[e]-scheme such that they induce the identity map of X over T. 

Proposition 8. (1) There is a one-to-one correspondence between HP 2 (X/T) 
and PD(X/T,T[e\). 

(2) For a Poisson deformation X of X over T[e], there is a one-to-one 
correspondence between HP 1 (X/T) and Aut(X,T). 

Proof. We only prove (1). For an affine open covering U := {Ui} ieI of X, 
construct a double complex T(CC'(U, X/T)) as follows: 



U H r(cc 2 (u l0 /T)) ► Y[ l{hn ncc\u lol jT)) 



5 



5 



(3) 



u io n^c\ujT)) — > Y\ Hhll n^c\u Hh jT)) — ► ... 

Here the horizontal maps are Cech coboundary maps. Since each CC P 
is quasi- coherent, one can calculate the Poisson cohomology by the total 
complex associated with this double complex: 

HP* (X/T) = ^(r(£C(W,X/T))). 

An element £ G HP 2 (X/T) corresponds to a 2-cocycle 

(nc4^) e n r ( £c2 ^/ T ))®n r ( £ci (^/ T ))' 

io io,h 

By Proposition 5, (1), Q determines a Poisson deformation U io of U io over 
T[e]. Moreover, ^ ioil determines a Poisson isomorphism U io \u ioil — Mh\u ioil - 
One can construct a Poisson deformation of X of X by patching together 
{Ui }- Conversely, a Poisson deformation X is obtained by patching together 
local Poisson deformations Ui of Ui for an affine open covering {Ui}i & i of 
X. Each Ui determines Q E T(CC 2 (Ui/T)), and each Poisson isomorphism 
Ui\uij —Uj\uij determines Cij £ r(£C 1 (f/ ij )). Then 

(ncijic^) e n r ( £c2 (^/ T ))®n r ( £ci (^/T)) 

i i,j 

is a 2-cocycle: hence gives an element of 2-nd Cech cohomology. 
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3 Symplectic varieties 

Assume that Xo is a non-singular variety over C of dimension 2d. Then Xo 
is called a symplectic manifold if there is a 2- form Uo G r(X , &x ) such that 
duj = and A d Ld is a nowhere- vanishing section of 0^ Q . The 2-form uj is 
called a symplectic form, and it gives an identification Q Xo = Ox - For a local 
section / of Ox , the 1-form d/ corresponds to a local vector field Hf by this 
identification. We say that Hf is the Hamiltonian vector field for /. If we 
put {/, g} := uj(Hf,H g ), then X becomes a Poisson scheme over Spec(C). 
Now let us consider a Poisson deformation X of X over T := Spec(S') with 
a local Artinian C-algebra 5 with S/ms = C. The Poisson bracket { , } 
on X can be written as {/, g} = Q(df A dg) for a relative bi-vector (Poisson 
bi-vector) G T(X, A 2 Qx/t)- The restriction of 6 to the central fiber X is 
nothing but the Poisson bi-vector for the original Poisson structure, which 
is non-degenerate because it is defined via the symplectic form u . Hence 
is also a non-degenerate relative bi-vector. It gives an identification of Qx/t 
with &x/T- Hence G r(X, A 2 @x/t) defines an element uo G r(X,Q x , T ) 
that restricts to uj on X . One can define the Hamiltonian vector field 
H f G e x/T for / G Ox- 

Proposition 9. Assume that X is a Poisson deformation of a symplectic 
manifold X over an Artinian base T. Then CC'(X/T) is quasi-isomorphic 
to the truncated De Rham complex (Q^r) T ,d). 

Proof. By the symplectic form uj, we have an identification <fi : Qx/t — 
&x/t'i nence > for each % > 1, we get A*0x/t — ^x/t> w hich we denote also 
by (by abuse of notation). We shall prove that <fi o 5(f) = d<p(f) for 
/ G A*Ox/t- In order to do that, it suffices to check this for the / of the 
form: / = af\ A ... A fi with a G Ox, /i, fi G Qx/t- It is enough to check 
that 

d<j>(f)(H ai A ... A H ai+1 ) = 6f(d ai A ... A da i+1 ). 

We shall calculate the left hand side. In the following, for simplicity, we 
will not write the ± signature exactly as (— 1)"', but only write ± because it 
does not cause any confusion. We have 

(L.H.S.) = d{au{h, •) A ... A cu(f h -))(H ai A ... A H ai+1 ) 



= E E ±H aj (au(f 1 ,H ah )...u(f i ,H ah )) 

l<j<i+l {Ii I*}={l,-J 
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+ E E ±au(f 1 ,H ah )x... 

l<j<k<i+l ,,. / /,} |! j ' "1} 

... x u(fi, [H a .,H ak ]) x ... x Lv(fi,H aii )) 
= (-l) j+ \J2 ±H «Mi( d a h ) ■ ■ ■ fi(da h ))) 

l<j<i+l 

+ J2 (-^^(E ± a M da h) ■ ■ ■ fi( d i a v • • • /i(daj) 
i<j<fc<i+i 

= E (-^y +1 H aj (af(d ai A ... A da, A ... A da i+1 )) 
i<j<j+i 

+ ^ (-l) J,+fc o;/((i{aj, a fc } A da\ A ... A da,- A ... A rfa fc A ... A da i+ i) 
i<j<fc<«+i 

= ^ (—l) j+1 {a j: af(dai A ... Adaj A ... A da i+1 )} 

l<j<i+l 

+ ^ (-l)- 7+fe a;/(d{aj, a k } A ... A daj A ... A da k A ... A da i+1 ) 

l<j<k<i+l 

= (R.H.S.). 

Corollary 10. Assume that X is a Poisson deformation of a symplectic 
manifold Xq over an Artinian base T. // iJ 1 (X, Ox) = H 2 {X,Ox) = 0, 
then HP 2 (X/T) = H 2 ((Xo) an , S), where (Xo) an is a complex analytic space 
associated with X and S is the constant sheaf with value in S. 

Proof. By the distinguished triangle 

we have an exact sequence 

- HP(X/T) - IV(tt x/T ) - H\O x ) - . 
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Here 11* (X, tt x/T ) = ^((X ) an , S); from this we obtain the result. We prove 
this by an induction of length c (5'). We take t E S such that t ■ m s = 0. For 
the exact sequence 

^ S ^ S ^ 0, 

define X := X Xt T, where T := Spec(S'). Then we obtain a commutative 
diagrams of exact sequences: 

► n\x ,n Xo ) > w(x,n x/T ) > w{Xm x/t ) 

> H ! ((J ) m ,^(X )«n) > H*(X an , Q X an/ T ) > H* (X™ , Q' X a n jf ) 

(4) 

By a theorem of Grothendieck [G], the first vertical maps are isomor- 
phisms and the third vertical maps are isomorphisms by the induction. Hence 
the middle vertical maps are also isomorphisms. By the Poincare lemma (cf. 
[De]). we know that W(X an , Vt xan/T ) = iP((X ) an , S). 

Example 11. When / : X — > T is a proper smooth morphism of C- 
schemes, by GAGA, we have 

R* fiS^x/T ®o T Ox an — -R*(/ an )*C ®c Ox an 

without the Artinian condition for T. But when / is not proper, the structure 
of R*/*^x/t i s complicated. For example, Put X := C 2 \ {xy = 1}, where 
x and y are standard coordinates of C 2 . Let / : X — > T := C be the map 
defined by (x,y) — > x. Set T := SpecC[[a;]] and T n : = SpecC[x]/(x™ +1 ). 
Define X := X x T T and define / to be the natural map from X — > T. 
Finally put X n := X x T T n . Then 

1. R 1 /*^^ is a quasi-coherent sheaf on T, and RV^x/tI^Uo} is an 
invertible sheaf. 

2. proj.lim if 1 ^, ^ Xn/T J = °- 

Definition. Let Xo be a normal variety of dimenson 2d over C and let 
Uo be its regular part. Then X is a symplectic variety if C/o admits a 2-form 
u;o such that 

1. dujQ = 0, 
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2. A d u is a nowhere- vanishing section of A d f2^ o , 

3. for any resolution n : Y — > X of X with 7r _1 (C/o) — C^o, extends to 
a (regular) 2-form on F . 

If X is a symplectic variety, then Uq becomes a Poisson scheme. Since 
Ox = (jo)*Ou , the Poisson bracket { , } on [/ uniquely extends to that 
on X . Thus X is a Poisson scheme. By definition, its Poisson bi- vector 
6 is non-degenerate over U . The O identifies Qu with Q}j ; by this iden- 
tification, Oo|c/ corresponds to cu . A symplectic variety X has rational 
Gorenstein singularities; in other words, X has canonical singularities of in- 
dex 1. When X has only terminal singularities, Codim(£ C X ) > 4 for 
S := Sing(X ). 

Definition. Let X be a symplectic variety. Then X is convex if there 
is a birational projective morphism from X to an afline normal variety Y . 
In this case, Y is isomorphic to Specr(X" , Xo )- 

Lemma 12. Let X n be a Poisson deformation of a convex symplectic 
variety X over T n : = Spec(S' n ) with S n := C[t]/ (t n+1 ) . We define U n C X n 
to be locus where X n — * S n is smooth. Assume that X Q has only terminal 
singularities. Then BP 2 (U n /T n ) = H 2 ((U ) an , S n ), where S n is the constant 
sheaf over (U ) an with value in S n . 

Proof. Since X has terminal singularities, X is Cohen-Macaulay and 
Codim(S C X ) > 4. Similarly, X n is Cohen-Macaulay and Codim(S n C 
X n ) > 4 for E n := Sing(X ra — * T n ). The afline normal variety Yq has sym- 
plectic singularities; hence Y has rational singularities. This implies that 
H l (X ,Ox ) = for i > 0. Since X is Cohen-Macaulay and Codim(S C 
X ) > 4, we see that H 1 ^, Uo ) = H 2 (U , Uo ) = by the depth argument. 
By using the exact sequences 

o - o Uo £ o Uk - cv fc-1 - 

inductively, we conclude that H l (Ou n ) = H 2 (Ou n ) = 0. Then, by Corollary 
10, we have RP 2 (U n /T n ) = H 2 ((U ) an , S n ). 

Let X n be the same as Lemma 12. Put T n [e] := Spec(S' n [e]) with e 2 = 0. 
As in Proposition 8, we define PD(X n /T n ,T n [e\) to be the set of equivalence 
classes of the Poisson deformations of X n over T n [e\. Let X n be a Poisson 
deformation of X n over T n [e\. Then we denote by Aut(X n ,T n ) the set of all 
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automorphisms of X n as a Poisson T ra [e] -scheme such that they induce the 
identity map of X n over T n . Then we have: 

Proposition 13. 

(1) There is a one-to-one correspondence between WP 2 (U n /T n ) and 
PD(X n /T n ,T n [e]). 

(2) There is a one-to-one correspondence between EP 1 (U n /T n ) and 
Ant(X n .T n ). 

Proof. Assume that U n is a Poisson deformation of U n over T n [e\. Since 
Codim(S n C X n ) > 3 and X n is Cohen-Macaulay by [K-M, 12.5.6], 

Ext 1 ($l 1 Xn / Tn , Ox n ) = Ext 1 ^/^, Un ). 

This implies that, over T n [e], U n extends uniquely to an X n so that it gives 
a flat deformation of X n . Let us denote by j : U n — > X n the inclusion map. 
Then, by the depth argument, we see that Ox n = j*Ou n - Therefore, the 
Poisson structure on U n also extends uniquely to that on X n . Now Proposi- 
tion 8 implies (1). As for (2), let U n be the locus of X n where X n — > T n [e] is 
smooth. Then, we see that 

Aut(W„,T„) = Aut(^ n 

which implies (2) again by Proposition 8. 

Let X be a convex symplectic variety with terminal singularities. We 
regard X as a Poisson scheme by the natural Poisson structure { , } induced 
by the symplectic form on the regular locus U := (X) reg . For a local Artinian 
C-algebra S with S/ms = C, we define PD(S') to be the set of equivalence 
classes of the pairs of Poisson deformations X of X over Spec(S') and Poisson 
isomorphisms : X x Spcc (5) Spec(C) = X. Here (X,<fi) and (X',(f)') are 
equivalent if there is a Poisson isomorphism ip : X = X' over Spec(S') which 
induces the identity map of X over Spec(C) via <fi and 0'. We define the 
Poisson deformation functor. 

PD (x , {i}) :(Art) c ^(Set) 

by PD(S) for S e (Art)c. 

Theorem 14. Let (X, { , }) be a Poisson scheme associated with a 
convex symplectic varieties with terminal singularities. Then PD( X ,{ , }) has 
a pro-reprentable hull in the sense of Schlessinger. Moreover PD is pro- 
representable. 
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Proof. We have to check Schlessinger's conditions [Sch] for the existence 
of a hull. By Proposition 13, PD(C[e]) = H 2 (U an , C) < oo. Other conditions 
are checked in a similar way as the case of usual deformations. For the last 
statement, we have to prove the following. Let X be a Poisson deformation 
of X over an Artinian base T, and let X be its restriction over a closed 
subscheme T of T. Then, any Poisson automorphism of X over T inducing 
the identity map on X, extends to a Poisson automorphism of X over T. Let 
R be the pro-representable hull of PD and put R n := R/(mn) n+1 . Take a 
formal versal Poisson deformation {X n } over {R n }. Note that, if we are given 
an Artinian local i?-algebra S with residue field C, then we get a Poisson 
deformation X s of X over Spec(S). We then define Aut(S') to be the set 
of all Poisson automorphisms of X s over Spec(S') which induce the identity 
map of X. Let 

Aut : (Art)fl -> (Set) 

be the covariant functor defined in this manner. We want to prove that 
Aut (5) — > Aut (5) is surjective for any surjection S — > S. It is enough to 
check this only for a small extension S — > S, that is, the kernel / of S — > S 
is generated by an element a such that ams = 0. For each small extension 
S — > S, one can define the obstruction map 

ob : Aut(S) -> a • HP 2 (l7) 

in such a way that any element <f) G Aut (5) can be lifted to an element of 
Aut(S') if and only if ob(0) = 0. The obstruction map is constructed as 
follows. For <fi e Aut(S'), we have two Poisson extensions X§ — > X s and 

X § ^ X § -> A 5 . This gives an element of a • HP 2 ([7) (cf. Proposition 13 2 ). 
Obviously, if this element is zero, then these two extensions are equivalent 
and extends to a Poisson automorphism of Xs- 

Case 1 (S = S n+1 and S := S n ): We put 5 n := C[t]/(t n+1 ). We shall 
prove that Aut (5^+1 ) — > Aut(5' n ) is surjective. Taking Proposition 13, (2) 
into consideration, we say that X has T°-lifting property if, for any Poisson 
deformation X n of X over T n := Spec(S' n ) and its restriction X n _i over 

2 Exactly, one can prove the following. Let T := Spec(S') with a local Artinian C- 
algebra S with S/m s — C. Let X — > T be a Poisson deformation of a convex symplectic 
variety Xq with only terminal singularities. Assume that T is a closed subscheme of T" 
defined by the ideal sheaf J = (a) such that a • ms> = 0. Denote by PD(X/T,T') the set 
of equivalence classes of Poisson deformations of X over T' . If PD(X/T,T') ^ 0, then 
HP 2 ([/ ) = PD(A/T,T'). 
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T n _i := Spect^i), the natural map HP 1 ^/^) -> HP^C/^i/T^i) is 
surjective. 

Claim. X /ias T° -lifting property. 

Proof. Note that X n is Cohen-Macaulay. Let be the locus of X n where 
X n — > T n is smooth. We put 

K n := Cokerftf ^, S n ) - //°(C/ n , CVJ]. 

By the proof of Corollary 10, there is an exact sequence 

_> Kn -> HP^f/jTj -> if 1 ^™, 5 n ) -> 0. 

Since H l (U,O v ) = 0, the restriction map H (U n ,O Un ) -> #°(C/ n _i, ) 
is surjective. Hence the map K n — > K n _i is surjective. On the other hand, 
H 1 {U an : S n ) — > H 1 ^® 11 , S n -i) is also surjective; hence the result follows. 

Note that i — > £ + e induces the commutative diagram of exact sequences: 







(r +1 ) 



(r e ) 



S n 



+ 1 



-> 



(5) 



S n [e] ► S n -![e] x 5n _ 1 S n 



Applying Aut to this diagram, we obtain 



Aut(5 n+ i) ► Aut(S n ) T+ 1 -HP 2 (f/) 

1 "1 (6) 

Aut(S n [e]) ► Aut^iHx^^n) re-HP 2 ([/) 

The T°-lifting property implies that the map Aut(<S' n [e]) — > Aut(5' n _i [e] x 5, 
S'n) is surjective. Hence, by the commutative diagram, we see that Aut(S' n+ i) - 
Aut(S' n ) is surjective. 

Case 2 (general case): For any small extension S — > S, one can find the 
following commutative diagram for some n: 

► aS ► S ► S ► 

1 1 W 

► (r +1 ) ► s n+1 > s n > 
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Applying Aut to this diagram, we get: 

Aut(S) ► Aut (5) a-HP 2 (f/) 

1 "1 (8) 

Aut(S n+1 ) > Aut(S n ) r +1 -HP 2 (C/) 

By Case 1, we already know that Aut(S' n+ i) — > Aut(5' n ) is surjective. By 
the commutative diagram we see that Aut (5) — > Aut (5) is surjective. 

Corollary 15. Lei (X, { , }) be the same as Theorem 14- Then 

(1) X has ^-lifting property, (cf. [Kaw, Na 5]) 

(2) PD(x,{ , }) is unobstructed. 

Proof. (1): We put S n := C[t]/{t n+1 ) and T n := Spec(S„). Let X n 
be a Poisson deformation of X over T n and let X n _i be its restriction 
over T„_i. By Proposition 13,(1), we have to prove that HP 2 (£/ n /T„) — > 
HP 2 (C/ n _i/T n _i) is surjective. By Lemma 12, RP 2 (U n /T n ) = H 2 (U an ,S n ). 
Since H 2 (U an , S n ) = H 2 (U an , C) ® c 5„, we conclude that this map is surjec- 
tive. 

(2): By Theorem 14, PD has a pro-representable hull R. Denote by h R : 
(Art)c — > (Set) the covariant functor defined by hji(S) := Hom local c-aig.(-R, S) 
Since PD is pro-representable by Theorem 14, = PD. We write R as 
C[[xi, ...,x r ]]/ J with r := dim c m R /(m R ) 2 . Let 5 and So be the objects of 
(Art)c such that S = S/I with an ideal / such that Im s = 0. Then we 
have an exact sequence (cf. [Gr, (1.7)]) 

h R (S) - h R (S ) 4 (J/m^J)* ® c /. 
By sending t to t+e, we have the commutative diagram of exact sequences: 

S n ► 

+ S n -![e] x 5n _ 1 S n > 



o , (r+i) , Sn+1 

> (t n e) ► SJe] 
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Applying h R to this diagram, we obtain 

h R (s n+1 ) — ► h R (s n ) r +1 ® (j/m R jy 

1 "1 (10) 

h R (S n [e}) > hniSn-^Xs^Sn) t n e®{J/m R J)* 

By (1), we see that ^(^[e]) -> /^(Sn-ife] x 5n _ x 5 n ) is surjective. Then, 
by the commutative diagram, we conclude that h R {S n+1 ) — > h R (S n ) is sur- 
jective. 

Twistor deformations (cf. [Ka 1]): Let X be a convex symplectic 
variety with terminal singularities. We put U := X reg . Let { , } be the 
natural Poisson structure on X defined by the symplectic form u on U. Fix 
a line bundle L on X an . Define a class [L] of L as the image of L by the map 

H\U an , 0* uan ) -> H 2 (f/ an , n^ OB ) = # 2 (£/ an , C). 

We put 5 n := C[t]/{t n+1 ) and T n := Spec(,S n ). By Proposition 13, (1), the 
element [L] G H 2 (U an ,C) determines a Poisson deformation Xi of X over 
Ti. We shall construct Poisson deformations X n over T n inductively. Assume 
that we already have a Poisson deformation X n over T n . Define X n _i to be 
the restriction of X n over T n _ x . Since H\X an , O x <™) = H 2 (X an , O xan ) = 0, 
L extends uniquely to a line bundle L n on (X n ) an . Denote by L n _i the 
restriction of L n to (X n _i) an . Consider the map S n — > S^-ife] defined by 
i — > t + e. This map induces 

PD(S n ) - PD(S' n _ 1 [e]). 

The class [X n _i] G H 2 (U an , S n -i) determines a Poisson deformation {X n _-^)' 
of X n _! over T n _![e]. Assume that X n satisfies the condition 

(*)„ : [X n ] G PD(S n ) is sent to [(X n _i)'] G PD(S' n _ 1 [e]). 

Note that Xi actually has this property. We shall construct X n+ i in such 
a way that X n+ i satisfies (*) n +i- Look at the commutative diagram: 

PD(S n+1 ) > PD(S n ) 

PD(S- n [e]) > PD(5 n _ 1 [e] x^, S n ) 
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Note that we have an element 

[X n <- X„_! -> (X„_i)')] e PD(5„_ 1 [e] x Vl 5 n ). 

Identifying HP 2 ([/ n /T n ) with H 2 (U an , S n ), [L n \ is sent to [L n _i] by the map 

RP 2 (U n /T n ) - HP^lW^-i)- 

Now, by Proposition 13,(1), we get a lifting [(X n )'] E PD(S n [e\) of 

[X n <- X n _! - (X n _i)')] G PD(5 n _ 1 [e] x Vl S n ) 

corresponding to [L n ] . By the standard argument used in T 1 -lifting principle 
(cf. proof of Corollary 15, (2)), one can find a Poisson deformation X n+1 
such that e PD(S' n+ i) is sent to [(X n )'] e PD(S' n [e]) in the diagram 

above. Moreover, since PD is pro-representable, such is unique. By 

the construction, X n+ i satisfies (*) n+1 . This construction do not need the 
sequence of line bundles L n on (X n ) an ; we only need the sequence of line 
bundles on (U n ) an . For example, if we are given a line bundle L° on U an . 
Then, since H l (U an ,Ou^) = for i = 1,2, we have a unique extension 
L° G Pic((U n ) an ). By using this, one can construct a formal deformation of 
X. 

Definition. (1) When L e Pic(X ara ), we call the formal deformation 
{X n } ra >i the twistor deformation of X associated with L. 

(2) More generally, for LP e Pic(£/ an ), we call, the formal deformation 
{X n } n >i similarly constructed, the quasi-twistor deformation of X associated 
with LP. When LP extends to a line bundle L on X an , the corresponding 
quasi-twistor deformation coincides with the twistor deformation associated 
with L. 

We next define the Kodaira- Spencer class of the formal deformation {X n }. 
As before, we denote by U n the locus of X n where f n : X n — > T n is smooth. 
We put /° := fn\u n - The extension class n e H 1 ^, Ot/ n _i/T„_i) of the exact 
sequence 

is the Kodaira Spencer class for /„ : X n — > T n . Here note that f2^ n = Or^dt. 

Lemma 16. Let {X n } be the twistor deformation of X associated with 
L e Pic(X an ). Write L n e Pic(X% n ) for the extension of L to X n . Let 
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uj n G T(U n , Qy n / Tn ) be the symplectic form defined by the Poisson T n -scheme 
X n . Then 

i{e n+1 ){u n ) = [L n ]eH\U^ l Un/Tn ), 
where the left hand side is the interior product. 

Proof. We use the same notation in the definition of a twistor deformation. 
By the commutative diagram 



(*»)' 



T n [e] 



n+l 



(12) 



T 



n+l 



we get the commutative diagram of exact sequences: 











Ouje 



OuJt 



n lu n y/T n \u n 



O 1 I 

U U n+1 /C\U n 



n 



U n /T n 



-> 



(13) 



n 



U n /T n 



-> 



The second exact sequence is the Kodaira-Spencer's sequence where the 
first term is (f°)*Qi, , n and the third term is Vl) 7 , T \u„. Let ri G 

VJ ' Jn+l/L U n+ l/l n+ l \ u n I 

H l (U ) Q Un / Tn ) be the extension class of the first exact sequence. By the 
definition of (X n )', we have i{rj){uj n ) = [L n ]. On the other hand, the exten- 
sion class of the second exact sequence is 9 n +i. Hence r] = 9 n+ i. 

Let {Xn} be the twistor deformation of X asociated with L G Pic(X). 
For each n, we put Y n := SpecT(X n ,0 Xn ). Y n is an affine scheme over T n . 
Since H\X, O x ) = 0, T(X n , Xn ) -> T(X n ^, X „_J is surjective. Define 

Foo- Spec(limr(X n ,O x J). 



Note that is an affine variety over T^ := SpecC [[£]]. Fix an ample line 
bundle A on X. Since H\X, O x ) = H 2 (X, O x ) = 0, A extends uniquely to 
ample line bundles A n on X n . Then, by [EGA III, Theoreme (5.4.5)], there is 
an algebraization Xqo of {X n } such that Xoo is a projective scheme over 
and Xqo Xy M Y n = X n for all n. By [ibid, Theoreme 5.4.1], the algebraization 
is unique. We denote by g^ the projective morphism X^ — > Y^. 

Theorem 17. Let X be a convex symplectic variety with terminal sin- 
gularities. Let (X, { , }) be the Poisson structure induced by the symplectic 
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form on the regular part. Assume that X an is Q-factorial 3 . Then any Pois- 
son deformation of (X, { , }) is locally trivial as a fiat deformation (after 
forgetting Poisson structure). 

Proof. Define a subfunctor 

PD tt : (Art)c -> (Set) 

of PD by setting PDu(S) to be the set of equivalence classes of Poisson 
deformations of (X, { , }) over Spec(S') which are locally trivial as usual 
flat deformations. One can check that PD^ has a pro-representable hull. 
Let X n — * T n be an object of PDi t (S n ), where S n := C[t]/(t n+l ) and T n := 
Spec(S' n ). Write 7x n /T n f° r Hom fr^ 0yj. By Proposition 13, we have 
a natural map 

RP 2 (U n /T n ) - Ext^/^OxJ. 
Define T(X n /T n ) to be the kernel of the composite 

HP 2 ([/ n /T n ) - Ext 1 (tix n /T n i®x n ) - H (X n ,T^ /Tn ). 

Let PDi t (X n /T n ; T n [e\) be the set of equivalence classes of Poisson deforma- 
tions of X n over T n [e] which are locally trivial as usual deformations. Here 
T n [e] := Spec(S' n [e]) and S n [e] = C[t,e]/(t n+1 ,e 2 ). Two Poisson deformations 
of X n over T n [e] are equivalent if there is a Poisson T n [e]-somorphisms be- 
tween them which induces the identity of X n . Then there is a one-to-one 
correspondence between T(X n /T n ) and PD tt (X n /T n ; T n [e]). 

Lemma 18. T{X n /T n ) = RP 2 (U n /T n ). 

Proof. Since H°(X,T^ n/T J C H°(X an , T^ n/T J, it suffices to prove that 
HP 2 (£7" n /T n ) -> # (X an ,T^ an/T J is the zero map. In order to do this, for 
p G £(= Sing(X)), take a Stein open neighborhood X® n (p) of p G X n , 
and put f/rb) : = ^ an (p) n £/£ n . We have to prove that H 2 (U an , S n ) -> 
H 2 (U^ n (p), S n ) is the zero map. In fact, on one hand, 

HP 2 (C/ n /T n ) = H 2 (U an , S n ) 

3 Since X is convex, there is a projective birational morphism / from X to an affinc 
variety Y. Take a reflexive sheaf F on X an of rank 1. The direct image f* n F* of the 
dual sheaf F* is a coherent sheaf on the Stein variety Y an . Hence f" n F* has a non-zero 
global section; in other words, there is an injection Ox an - ► F* . By taking its dual, F 
is embedded in Thus, F = 0{—D) for an analytic effective divisor D. So, for any 

reflexive sheaf F of rank 1, the double dual sheaf (F® m )** becomes an invertible sheaf for 
some to. 
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by Lemma 12. On the other hand, H°{X* n {p),T xr/T J = H\U^ n {p), ®u™(p)) 
(cf. the proof of [Na, Lemma 1]). By the symplectic form uo n G T(U n , Q 2 X ^ T ), 
©[/»™(p) is identified with fi^ „^. Hence 

H\XT{p)X xr/Tn ) = H\K n (p)M UT{p) ). 

By these identifications, the map RP 2 (U n /T n ) -> H (X^ a (p), T xr/T J coin- 
cides with the composite 

H 2 (u an ,s n ) -> # 2 (f/ a »,s n ) - ^(^(pj.n^j), 

where the second map is induced by the spectral sequence 

(for details, see the proof of [Na, Lemma 1]). Let us consider the commutative 
diagram 

Pic(X an ) <g) z S n ► Yic(U an )® z S n H 2 (U an ,S n ) 

1 1 (14) 

Pi C (X on (p)) ® Z ► Pic(f/ a "(p)) ® Z ^ (17°" (p) , 5„) 

Here the second map on the first row is an isomorphism because 
H l {U an ,0 Uan ) = H 2 (U an ,Ouan) = 0. Since Codim(£ C X) > 3, any 
line bundle on U an extends to a coherent sheaf on X an . Thus, by the Q- 
factoriality of X an , the first map on the first row is surjective. If we take 
X an (p) small enough, then P\c(X an (p)) = 0. Now, by the commutative di- 
agram above, we conclude that H 2 (U an , S n ) — > H 2 (U an (p), S n ) is the zero 
map. This completes the proof of Lemma 18. 

Let us return to the proof of Theorem 17. The functor PD has T 1 -lifting 
property by Corollary 15. By Lemma 18, PD; t also has T 1 -lifting property. 
Let R and Ri t be the pro-representable hulls of PD and PD^ respectively. 
Then these are both regular local C-algebra. There is a surjection R — > R u 
because PD^ is a sub-functor of PD. By Lemma 18, the cotangent spaces of 
R and Ru coincides. Hence R = Ru- 

Theorem 19. Let X be a convex symplectic variety with terminal sin- 
gularities. Let L be a (not necessarily ample) line bundle on X an . Then the 
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twistor deformation {X n } of X associated with L is locally trivial as a flat 
deformation. 

Proof. Define U n C X n to be the locus where X n — > T n is smooth. We 
put £ := Sing(X). For each point p G E, we take a Stein open neighborhood 
p G X n (p) in (X n ) an , and put E/£ n (p) := X n {p) n E/£ n . Let L n G Pic(X n ) be 
the (unique) extension of L to X n . We shall show that [L n ] G H 2 (U an , S n ) 
is sent to zero by the map 

H 2 (U an ,S n )^H 2 (U an (p),S n ). 

This is enough for us to prove that the twistor deformation {X n } is lo- 
cally trivial. In fact, we have to show that the local Kodaira- Spencer class 
9 l n+i(p) £ ^([/^(p), Qu% n (p)) is zero. By the same argument as Lemma 16, 
one can show that 

t(Ci(p))K) = [L n \u^ ip) ] G H\UTip)M]j r{p) ). 

Now let us consider the commutative diagram induced from the Hodge spec- 
tral sequences: 

H\U«\S n ) ► H\U n) % n/Tn ) 

H 2 (U™(p),S n ) > H\U™(p),% r/Tn ) 

For the existence of the first horizontal map, we use Grothendieck's theo- 
rem [G] and the fact H*(U n , Un ) = (i = 1, 2) (cf. Lemma 12). Since X™ is 
Cohen-Macaulay and Codim(E C X) > 4, we have H i (U^ n (p),0 U an {p) ) = 
for i — 1, 2, by the depth argument. This assures the existence of the second 
horizontal map. The vertical map on the right-hand side is just the composite 
of the maps 

If [L n ] G H 2 (U an , S n ) is sent to zero by the map 

H 2 (U an ,S n )^H 2 (U an (p),S n ), 

then, by the diagram, [Z/ n |j7<»n(p)] = 0. Thus, the local Kodaira-Spencer class 
9 l n+i(p) vanishes. Let us consider the same diagram in the proof of Theorem 
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17. 

Pic(X an ) ® z S n ► Pic(U an ) ® z S n H 2 (U an ,S n ) 

1 1 (16) 

Pic(X m (p)) ® Z ► Pic([/™(p)) ® Z S„ (p) , S'n) 

Since L n is a line bundle of (X n ) an and Pic((X n ) an ) Pic(X an ), [L„] G 
H 2 (U an ,S n ) comes from Pic(X an ). If we take X an (p) small enough, then 
Pic(X an (p)) = 0. Hence, by the commutative diagram, we see that [L n ] G 
# 2 (f/ an , 5 n ) is sent to zero by the map H 2 (U an , S n ) -> H 2 (U an (p), S n ). 

4 Symplectic varieties with good C*-actions 

Let X be a convex symplectic variety with terminal singularities and, in 
addition, with a C*-action. We put Y := Spec T(X, Ox)- Then the natural 
morphism g : X — > F is a C*-equivariant morphism. We assume that F 
has a good C*-action with a unique fixed point G F. By definition, V : = 
F — Sing(F) admits a symplectic 2-form u; hence it gives a Poisson structure 
{ , } on F. We assume that this Poisson structure has a positive weight 
/ > with respect to the C*-action, that is, 

deg{a, b} = deg(a) + deg(6) - I 

for all homogenous elements a,b G Oy. Now let us consider the Poisson 
deformation functor PD(x,{j) (cf. Section 3). By Theorem 14, it is pro- 
represented by a certain complete regular local C-algebra R = lim R n and a 
universal formal Poisson deformation {X% niv } of X over it. 

Lemma 20. The C* -action on X naturally induces a C* -action on R 
and {X% niv }. 

Proof. Take an infinitesimal Poisson deformation (Xs, { , }s; t) of J 
over S = Spec(A) with Ajm = C. By definition, i : Xs <S>a A/m = X is an 
identification of the central fiber with X. Since X is a C*-variety, for each 
A G C*, we get an isomorphism <fi\ : X — > X. By the assumption, (f)* x { , } = 
A'{ , }. Then (Xs, A'{ , }s', <fi\ ° i) gives another Poisson deformation of X 
over S. This operation naturally gives a C*-action on R and {X n }. Q.E.D. 



4 SYMPLECTIC VARIETIES WITH GOOD C*-ACTIONS 



31 



We shall investigate the C*-action of R. In order to do that, take L G 
H l (U an , Oyan) and consider the corresponding quasi-twistor deformation of 
X. We define a C*-action on C[[t}} so that t has weight I. This induces a 
C*-action on each quotient ring S n := C[t]/(t™ +1 ). We put T n := Spec(5' n ). 

Lemma 21. Any quasi-twistor deformation {X n } of X has a C* -action 
so that {X n } — > {T n } is C* -equivariant. 

Proof. Let i? — > C[[t]] be the surjection determined by our quasi-twistor 
deformation. We shall prove this map is C*-equivariant. For A G C*, let 
A' : T n — > T n be the morphism induced by t — > A't. We shall lift C*-actions 
of X n inductively. More explicitly, for each A G C*, we shall construct an 
isomorphism (p x , n '■ X n — > X n in such a way that: 

(i) the following diagram commutes 



J- 77, 



4>\,n 



X' 



X r , 



(17) 



(ii) (0A,n)*{ , }n = A'{ , }„, and 

(iii) the collection {0A,n}, A G C* gives a C*-action of X n . 

Suppose that it can be achieved. As in Lemma 20, let us fix an original 
identification i : X n x Tn T = X. Let h n : R S n and : R — > be the 
maps determined by (X n , { , } n ; t) and (X n , A'{ , } n ; 4>\o l) respectively. Let 
A G C* act on R n as ipx,n '■ Rn Rn- By definition, h n o %p x ^ n = h\. Then 
the existence of 0A,n implies that there is a commutative diagram 



Rr, 



h n 



(18) 



Rr. 



h n 



Sn 



The construction of <f)\ tTl goes as follows. We assume that <p\ n -i already 
exist. Let U n -\ C X n _i be the locus where X n -\ — > T n _i is smooth. Let 
cj„_i G r([/ n _i, WTn-i) ^ e the symplectic 2-form corresponding to the 
Poisson structure { , } n -i- By the assumption, X n _i — > T n _! is a C*- 
equivariant morphism. The symplectic 2-form u) n ~i has weight / with the 
induced C*-action on U n -\. Let -L n -i G Pic(C/°" 1 ) be the (unique) extension 
of L G Pic(£/ an ). By T 1 -lifting principle, the extension of X n _ x to X n is 
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determined by an element 6 n e H 2 (C/ n _i, A'Gt/^/Tn-i), where A'6; 7n _ 1 /T n _ 1 
is the Lichnerowicz-Poisson complex defined in §2. The symplectic 2-form 
ui n -i gives an identification (cf. §2): 

H 2 ([/„_i, A , 0[ 7n _ 1 / Tn _ 1 ) = H 2 (f/ n _i, fi^_ i/Tn _ i ). 

By definition of the twistor deformation, 6 n is sent to [L n _i]. Since [L n _i] 
and uj n -\ have respectively weights and / for the C*-action, 6 n should have 
weight —I. This is what we want. Q.E.D. 

Since any 1-st order Poisson deformation of X is realized in a suitable 
quasi-twistor deformation, C* has only weight / on the maximal ideal tjir of 
R. Thus, one can write R as C[[ti, t m ]], where tj are all eigen-elements 
with weight /. Let j> := Speclimr(X^, X um v ). The C*-action on {X% niv } 
induces a C*-action on y. Let X — > y be the algebraization of {X% mv } over 
y. Since Y and R are both positively weighted, y is also positively weighted. 
The C*-action of the formal scheme {X% ntv } induces a C*-action of X in such 
a way that X — > becomes C*-equivariant. 

Lemma 22. There is a a projective birational morphism of algebraic 
varieties with C* -actions 

x^y 

over Spec C[ti,...,t m ] which is an algebraization of X — > j). Moreover, X 
and y admit natural Poisson structures over Spec C[ti, ...,t m ]. 

Proof. Let A be the completion of the coordinate ring of the afline scheme 
y at the origin. Then A becomes a complete local ring with a good en- 
action. The C*-equivariant projective morphism X — > y induces a C*- 
equivariant projective morphism X& — > Spec(A). By Lemma A. 8, there is 
a C*-linealized ample line bundle on X&. By Lemma A. 2, there is a C- 
algebra R of finite type such that R — A. Put y := Spec(i?). Since i? is 
generated by eigen-vectors (homogenous elements) of C*-action, R contains 
U. So R is a ring over C[ti, t m ]. By Proposition A. 5, there is a C*- 
equivariant projective morphism X — > ^ which algebraizes — > Spec(74). 
This automatically algebraizes X ^ y. The complete local ring A admits 
a Poisson structure over C[[t\, t m ]] induced by that of T(y,Oy). This 
Poisson structure induces a Poisson structure of R over C[ti, ...,t m ] because, 
if a, b E A are homogenous, then {a, b} E A is again homogenous. The 
corresponding relative Poisson bi-vector of y is non-degenerate on the 
smooth part. Hence it defines a relative symplectic 2-form on the smooth 
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part of y. This relative symplectic 2-form is pulled back to X and defines a 
relative Poisson structure of X. 

Let us fix an algebraic line bundle L on X. Since H l (X,Ox) = for 
% — 1,2, there is a unique line bundle L e Pic(A') extending L. Let e 
PIc(Aa) be the pull-back of L to Xa- Since L is fixed by the C*-action of X, 
La is fixed by the C*-action of Xa- By Lemma A. 8, for some k > 0, 
is C* -linearized. By Proposition A. 6, there is a C*-linearized line bundle on 
X extending (La)® 1 *- Thus, by replacing L by its suitable multiple, we may 
assume that L extends to a line bundle on X . Let U be the regular part of X 
and let [L] e H 2 (U an , C) be the associated class with L|j/. Let us denote by 
M the maximal ideal of C[t u f m ] and identify (M/M 2 )* with H 2 (U an , C). 
Then [L] can be written as a linear combination 

ait* + a 2 t2 + ••• + a m t*„ 

with the dual base {t*} of {ti}. Take a base change of 

X — > Spec C[£i, t n ] 

by the map 

Spec C[t] — > Spec C[ti,...,t„] 

with tj = Oji. Then we have a 1-parameter deformation X L of X over 
T := Spec C[t]. As we have shown in Lemma 21, this deformation gives an 
algebraization of the twistor deformation X^ — > Spec C[[t]]. We put y L : = 
Spec T(X L , O x l). Now let us consider the birational projective morphism 

9T :X L ^ y L 

over Spec C[t\. Let i] e SpecC[t] be the generic point and let and be 
the generic fibers. Then we get a birational projective morphism 

g v : X% — > Y^. 

Proposition 23 (Kaledin) Assume that X is smooth and L is ample. 
Then g v : — > an isomorphism. 

Proof. Denote by T(= SpecC[t]) the base space of our algebraized twistor 
deformation X L . Since T has a good C*-action, X L is smooth over T . The 
line bundle L on X uniquely extend a line bundle C on A^. Moreover, 
X L is a Poisson T-scheme extending the original Poisson scheme X; thus, 
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the symplectic 2-form to on X extends to a relative symplectic 2-form lot £ 
T(X L , Q 2 xL , T ). Let 9 T e H 1 (X l ,Q x l/ t ) be the extension class (Kodaira- 
Spencer class) of the exact sequence 

By Lemma 16, we see that, in H l (X L , ^ x l/ t ), j(^t)(wt) = [£]• We put 
uj v := uj t \ x l, V := 6 t \ x l and L v := C\ Xv - Then, in H\X%, tt X L /k{r]) ), we 
have an equality: 

i(0„)K) = [A,]- 

Since ^ is a proper birational morphism, we only have to show that X, q does 
not contain a proper curve defined over k{rj). Now let t : C — > be a 
morphism from a proper regular curve C defined over /c(r^) to X v . We shall 
prove that l{C) is a point. Let 9q £ H 1 (C,®c/k(ri)) be the Kodaira- Spencer 
class for /i : C — > Spec A; (r?). In other words, Qq is the extension class of the 
exact sequence 

— > h*Ql( v y c — > f^/c ~~ * ^c/fc(j/) 0- 
Then, by the compatibility of Kodaira-Spencer classes, we have 

The left hand side is zero because = 0. On the other hand, the right 
hand side is i*[L v ]. Since L is ample, L v is also ample. If l{C) is not a point, 
then l*[L v ] ^ 0, which is a contradiction. 

The following is a generalization of Proposition 23 to the singular case. 

Proposition 24. Assume that X has only symplectic singularities and 
L E Pic(X). 

(a) If L is ample, then g v : X^ — > is an isomorphism. 

(b) Let X + be another convex symplectic variety over Y with terminal 
singularities and assume that L becomes the proper transform of an ample 
line bundle L + on X + . Then g v is a small birational morphism; in other 
words, codimExc(<?,j) > 2. 

Proof, (i) We shall use the same notation as the proof of Proposition 23. 
We note that the Kodaira-Spencer class 9 T £ Ext 1 (f2^, L ^ T , O x l) is contained 
in H 1 (X L , Q x l/ t ) because the twistor deformation is locally trivial by The- 
orem 19. Let U C X L be the locus where X L — > T is smooth. Denote by 
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U v the generic fiber of U — > T. Let (#t) G H°(U,Qu/t) be the restriction 
of #t to U. The relative Poisson structure on X L over T gives an element 
(ujt)° G H°(U, Quit)- Note that, in general, cannot extend to a global 

section of Q 2 x li t - Let [C]° G H 1 ^,^^) be the class corresponding to a 
restricted line bundle C\u- Then, (6V) , (wt)° an d [C]° defines respectively 
the classes 

u v e H°(U V , f^ /fc(r?) ) 

and 

[L„]° G i? 1 (C/ T? , 0^ /fc(77) ). 

We then have 

*(OK°) = W° 

(ii) (Construction of a good resolution): We shall construct a good equiv- 
ariant resolution of X L . In order to do that, first take an equivariant resolu- 
tion 7r : X — > X of X, that is, (7r o )*0 x = ©x- Here Ox '■= Hom fSTy, Ox)- 
By Theorem 19, our twistor deformation gives us a sequence of locally trivial 
formal deformations of X: 

X — > Xi —>...—> X n — > ... 

We shall construct resolutions 7i n : X n — > X n inductively so that there is an 
affine open cover X n = Li ieI U n! i such that (7r n ) _1 (C/ nji ) = (7r ) _1 (C7) x To T n . 
Note that, if this could be done, then (7Trt)*@x n /T n = ®x n /T n - Moreover, if 
we let 9 n e if 1 (X n _ 1 , @x n _i/T n _i) be the Kodaira- Spencer class of X n — > T n , 
then n coincides with the Kodaira- Spencer class 9 n e i/ 1 (X n _ 1 , ©x„_i/t„_i) 
of X n — > T n because 6* n is mapped to zero by the map 

iJ 1 (X n _i,6y n _ i/Tn _ i ) -> i7°(X n , J R 1 (7r n „i)^0y n _ i/Tn _ i ). 

Now assume that we are given such a resolution 7r n : X n —> X n . Take the 
affine open cover {U nji \ ie i of X n as above. We put U n>i := (7r n ) _1 ([/ n) j). For 
i,j G /, there is an identification U n j\u i:j = U n j\u i:j determined by X n . For 
each i E I, let U n ^ and ZY n ,j be trivial deformations of U n ^ and U nji over T n+i 
respectively. For each i,j e /, take a T n+ i-isomorphism 
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such that gji\r„ = id. Then 

hijk '■= 9ij ° 9jk ° 9ki 

gives an automorphism of U n ^\u ijk over T n+1 such that hijk\T n = Since 
7r„ : X n — > X n is an equivariant resolution, extends uniquely to 

9ij '■ Mn,i\Uij — Mn,j\uij- 

One can consider {h^k} as a 2-cocycle of the Cech cohomology of Qx', hence 
it gives an element ob G H 2 (X, Qx)- But, since X n extends to X n+1 , 06 = 0. 
Therefore, by modifying to g'^ suitably, one can get 

9'ij 9jk 9ki = id- 
Then 

9ij 9jk <?L = id- 
Now X n also extends to X n+1 and the following diagram commutes: 

X n > X n+ i 

(19) 

X n > X n+ i 

By Theoreme (5.4.5) of [EGA III], one has an algebraization X^ — > 
of {X n — > y n }. Moreover, the morphism {7r ra : X ra X ra } induces : 
Xk, — > X^,. By the construction, the C*-action on X^, lifts to Xfl. Then 
X^ — > Yoo is algebraized to a C*-equivariant projective morphism X L — > 3^ L 
in such a way that it factors through X L . 

(iii) Let 7r : Af L — > X L be the equivariant resolution constructed in (ii). 
Let us denote by X v the generic fiber of X L — > T. This resolution gives an 
equivariant resolution ir v : X rj — ■> X^. In particular, (t^)*©^/^) = ®x v /k(rj)- 
Let ^ G H l (X v , &x /k(r))) ^ e ^ ne Kodaira- Spencer class for X T; — > Spec/c(?y). 
Then the Kodaira-Spencer class ^ G H 1 (X V , Qx /k(rj)) f° r coicides with # T; 
by the natural injection H 1 ^, Q Xv /k(r,)) -> H 1 ^, ©^/ik^))- Let h '■ U v ^ 
X v be the embedding of the regular part. Since (i^^u^/k^) — ( n v)*^x /fe(r?)' 
by [Fl], w° extends to 



G T(X T; , (^ v )*^x v /k( v ))- 
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(iv) We have a pairing map: 

H°(X V , (^ V )*^ 2 x v/Hv) ) x H\X V , (7r v )*®x v/k{r] )) -> ^(X,,, K)*^/^))- 

Denote by i(^ T? )(o; T? ) the image of (c^,^) by this pairing map. By pulling 
back L v by 7^, one can define a class [L^] e H l (X ri1 (71^)*^ k ^). Let us 
consider the exact sequence 

where E := \ [/„. Since (7iv,)*Q^ /fe(r;) = (^)*^ /fe(?7) by [Fl], it is a 
reflexive sheaf. A reflexive sheaf on X v is locally written as the kernel of a 
homomorphism from a free sheaf to a torsion free sheaf. Since X v is Cohen- 
Macaulay and Codim(S C X v ) > 2, we have H^(X V: (n v )*Q x = 0. We 

already know in (i) that [L ri ]° = in tf 1 ^, /fc(t?) ). Therefore, by 

the exact sequence, we see that 

[L„] = i(0„)(w„). 

(v) Consider the pairing map 

ff°(x„,n^ /fc(tj) ) x ^(x^e^/fc^) -> ff 1 !^,^^^). 

By the construction of X rn the Kodaira- Spencer class 9 n of X,, — > Spec/c(?7) 
coincides with the Kodaira- Spencer class 9 V . Hence (cu v , 9 V ) is sent to (7r T; )*[L^] 
by the pairing map. 

Now we shall prove (a). For a proper regular curve C defined over k(r)), 
assume that there is a A;(?7)-morphism 1 : C — > X v . We shall prove that 
(tt v ) o t(C) is a point. By the compatibility of the Kodaira-Spencer classes, 
we have 

i(8 c )(i*u ri )=L*(i(u r ,)(e r ,)). 

The left hand side is zero because l*uj v = 0. The right hand side is l,*(tv v )*[L v ] 
as we just remarked above. If 7r v o c(C) is not a point, then this is not zero 
because L v is ample; but this is a contradiction. 

Next we shall prove (b). We shall derive a contradiction assuming that 
g T : X L — > y L is a divisorial birational contraction. We put £ := Exc(g T ). 
By the assumption, there is another convex symplectic variety X + over Y, 
and X and X + are isomorphic in codimension one over Y. Let F C X (resp. 
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F + C X + ) be the locus where the birational map X > X + is not an 

isomorphism. Then codim(F C X) > 2. We shall prove that (L, C) > 
for any proper irreducible curve C which is not contained in F. Let C be 
such a curve. Take a common resolution ji : Z — > X and /i + : Z — > X + . 
We may assume that Exc(/i) is a union of irreducible divisors, say {-E^}. 
Since X and X + are isomorphic in codimension one, Exc(/x) = Exc(/x + ). On 
can write (fi + )*L + = fi*L — SojE 1 , with non-negative integers Oj. In fact, if 
a.,- < for some j, then £j should be a fixed component of the linear system 
\(fi + )*L + \; but this is a contradiction since L + is (very) ample. One can find 
a proper curve D on Z such that /i(-D) = C and such that C + := H + (D) is 
an irreducible curve on X + . (i.e. /i + (-D) is not reduced to a point.) Note 
that .D is not contained in any E^. Then 

(L, C) = (n*L, D) = ((i2 + )*L + + Za t E u D) > 0. 

Let us consider all effective 1-cycles on X which are contracted to points 
by g and are obtained as the limit of effective 1-cycles on X^. Since £ has 
codimension 1 in X L , one can find such an effective 1-cycle whose support 
intersects F at most in finite points. In other words, there is a flat family C — > 
T of proper curves in X L /T in such a way that any irreducible component 
of Co := C fl X is not contained in F. Let C v be the generic fiber of C — > T. 
Take a regular proper curve C over £(77) and a /c(?7)-morphism 1 : C — > 
so that 7T T; o t(C) = C^. By the definition of C, (L^, C^) > 0. Now one can 
get a contradiction by using this curve C in the similar way to (a). 

Corollary 25. Let Y be an affine symplectic variety with a good C*- 
action and assume that the Poisson structure of Y is positively weighted. 
Let 

be a diagram such that, 

1. / (resp. /') is a crepant, birational, projective morphism. 

2. X (resp. X') has only terminal singularities. 

3. X (resp. X') is Q-factorial. 

Then both X and X' have locally trivial deformations to an affine variety Y t 
obtained as a Poisson deformation of Y . In particular, X and X' have the 
same kind of singularities. 
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Proof, (i) By Step 1 of the proof of Proposition A. 7, the C*-action of 

Y lifts to X and X'. So we are in the situation of section 4. Since Y is a 
symplectic variety, outside certain locus at least of codimension 4 (say E), 
its singularity is locally isomorphic to the product (C n ~ 2 , 0) x (S, 0) (as an 
analytic space). Here (S, 0) is the germ of a rational double point singularity 
of a surface (cf. [Ka 2]). We put V := Y — £. Since / and /' are both (unique) 
minimal resolutions of rational double points over V, f^iV) = (/ / ) _1 (V r ). 

(ii) Fix an ample line bundle L of X and let {X n } be the twistor defor- 
mation associated with L. This induces a formal deformation {Y n } of Y. Let 

V be the proper transform of L by X > X' . Since X' is Q-factorial, 

we may assume that V is a line bundle of X'. 4 Let {X^} be the twistor 
deformation of X' associated with L' . This induces a formal deformation 
TO of Y. 

Lemma 26. TTie formal deformation {Y£} coincides with {Y n }. 

Proof. The formal deformation {X n } of X induces a formal deformation 
of W := / _1 (t^), say {W n }. The deformation induces a formal deforma- 
tion {V n } of V by K := SpecT(W n , Wn ) because ^(/V)*^ = and 
{f\w)*O w = Oy (cf. [Wa]). Since V" = F - E with codim(E C F) > 4, 
the formal deformation {V^} of V extends uniquely to that of Y (cf. Propo- 
sition 13, (1)). This extended deformation is nothing but {Y n }. On the 
other hand, the formal deformation {X^} of X' induces a formal defor- 
mation of W := (/')~ 1 (^)> say {W' n }. As remarked in (i), W ^ W. 
Moreover, by Corollary 10, the Poisson deformations of W (resp. W) are 
controlled by the cohomology H 2 (W an , C) (resp. H 2 ((W') an , C)) because 
H\O w ) = for i = 1,2 (resp. H\O wl ) = for i = 1,2). Since L' is the 
proper transform of L, is sent to by the natural identification 

H 2 (W an , C) ^ iJ 2 (H/ /an , C). This implies that {W x } and {W{} coincide. By 
the construction of {X n } (resp. {X^}), L (resp. L') extends uniquely to L n 
(resp. L' n ). Then [L^j G i/ 2 (H/ an , 5 X ) is sent to [L'J^] G ff 2 (((W) an , ^i), 
which implies that W2 and W '2 coincide. By the similar inductive process, 
one concludes that {W^} and {W 7 ^} coincide. The formal deformation {W 7 ^} 
of W induces a formal deformation {V^} of V, which coincides with {V n }. 
So the extended deformation {Y^} also coincides with {Y n }. 

4 Thc twistor deformation associated with L and the one associated with L® m are 
essentially the same. The latter one is obtained from the first one just by changing the 
parameters t by mt. 
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(iii) Let 

X L -> y <- (A") L 

be the algebraizations of 

{x n } - {FJ <- {<} 

over T. Let 77 G T be the generic point. Then, by Proposition 24, (a), 
= F L . Since X is Q-factorial, we have: 

Lemma 27. X^ zs a/so Q-factorial. 

Proof. Let D be a Weil divisor of Xf\ One can extend D to a Weil divisor 
D of ^ L by taking its closure. The restriction of D to X defines a Weil 
divisor D\x- Note that the support of D\x is D fl X and the multiplicity on 
each irreducible component is well determined because D is a Cartier divisor 
at a regular point of X. Let m > be an integer such that m(l)|x) is a 
Cartier divisor. Let 0(mD) be the reflexive sheaf associated with mD and 
let 0(mD\x) be the line bundle associated with mD\ X - By [K-M, Lemma 
(12.1.8)], 

0(mD) ®o xL Ox = 0{mD\ x ). 

In particular, 0{mD) is a line bundle around X. Therefore, mD is a Cartier 
divisor on some Zariski open neighborhood of X C X L . Let Z be the non- 
Cartier locus of mD. Since 0{mD) is fixed by the C*-action on X L , Z is 
stable under the C*-action. Since fa '■ X L — > ^ is a projective morphism, 
fr{Z) is a closed subset of y. Since F fl fr{Z) = and F has a good 
C*-action, fr(Z) should be empty; hence Z should be also empty. Q.E.D. 

Since X and X' are both crepant partial resolutions (with terminal sin- 
gularities) of F, they are isomorphic in codimension one. Now one can apply 
Proposition 24, (b) to the twistor deformation {X^} of X'. Then we conclude 
that (X')J' -> Y v is a small birational projective morphism. On the other 
hand, Y n (= X^) is Q-factorial by Lemma 27. These imply that (X')f' = F,. 
By Theorem 19, X L — > T and (A"') L ' — > T are locally trivial deformations of 
X and X' respectively. 

Corollary 28. Let Y be an affine symplectic variety with a good C*- 
action. Assume that the Poisson structure of Y is positively weighted, and 
Y has only terminal singularities. Let f : X — > F be a crepant, birational, 
projective morphism such that X has only terminal singularities and such 
that X is Q-factorial. Then the following are equivalent. 
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(a) X is non-singular. 

(b) Y is smoothable by a Poisson deformation. 

Proof. First of all, the C*-action of Y lifts to X by Step 1 of the proof of 
Proposition A. 7. Secondly, by Corollary A. 10, X an is Q-factorial. We regard 
X and Y as Poisson schemes. The Poisson deformation functors PDx and 
PDy have pro-representable hulls Rx and Ry respectively (Theorem 14). We 
put U := {X) reg and V := Y reg . Then, by Lemma 12, RP 2 (U) = H 2 (U an , C) 
and HP 2 (V) = H 2 (V an , C). Note that, by Proposition 13, they coincide with 
PDx(C[e]) and PDy(C[e]), respectively. By the proof of [Na, Proposition 2], 
we see that 

(*) : H 2 (U an ,C) = H 2 (V an ,C). 

Let / > be the weight of Poisson structure on Y. Then one can get universal 
C*-equivariant Poisson deformations X and y over the same affine base 
B := Spec C[ti, ...,t m ], where m = h 2 (U an , C) and each ti has weight /. By 
Theorem 17 X — > B is a locally trivial deformations of X. The birational 
projective morphism / induces a birational projective 5-morphism 

f B ■ x - y. 

Let r) be the generic point of B. Take the generic fibers over rj. Then we 
have 

Every twistor deformation of X associated with an ample line bundle L deter- 
mines a (non-closed) point Cl £ B. By Proposition 24, f\ L is an isomorphism. 
This implies that f v is an isomorphism. Therefore, y v is regular if and only 
if X is non-singular. 

5 General cases 

Let X be a convex symplectic variety with terminal singularities. Let {X n } 
be a twistor deformation for L e Pic(X). We put Y n := Specr(X„, Ox n ) and 
Y^ := Spec \im.r(X n , Xn )- As in §3, {X n } is algebraized to : X^ -> Y^ 
over Too, where := Spec C [[£]]. We do not know, however, as in §3, 
that {X n } can be algebraized to : X L — > y L over T := Spec C[t}. Let 
r^oo £ Spec C[[t\] be the generic point and let g Voo : — > 1^^ be the 
morphism between the generic fibers induced by g^. 
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Proposition 29. (a) If L is ample, then g Voo : — > Yjf is an isomor- 
phism. 

(b) Let X + be another convex symplectic variety over Y with terminal 
singularities and assume that L becomes the proper transform of an ample 
line bundle L + on X + . Then g Vac is a small birational morphism; in other 
words, codimExc(^ 00 ) > 2. 

Proof. The idea of the proof is the same as Proposition 24. But wc 
need more delicate argument because neither X^ or Y£ is of finite type over 
T^. First of all, we should replace the usual differential sheaves Q* L ,„ 

(i > 1), Q} xL j C) and f^/c respectively by fl z xL ^ T , & X L /C and Cl^fc- 

Here Ct % YL trp is a coherent sheaf on Xif determined as the limit of the formal 

sheaves {^x n /r„}> / c i s a coherent sheaf on X^ determined as the limit 

of {^x n+ i/cU„} an d ^Too/c ^ s a coherent sheaf on Too determined as the limit 

of {Qi, /r \ T }. Now the Kodaira-Spencer class 9 T € Ext 1 ^* L /T , X £ ) 

for — > Too is the extension class of the exact sequence 

Then, as in Proposition 24, we can construct a good resolution 7Too : X^ — > 
of X^. Let Eoo be the exceptional locus of g^. Assume that /oo(-E'oo) 
contains a generic point r]^ G Too- By cutting E^ by (?oo" ver y ample divisors 
and by the pull-back of suitable divisors on Foo, we can find an integral 
subscheme C X^ of dimension 2 such that goo (Coo) — > Too is a finite 
surjective morphism. Note that Coo — > Too is a flat projective morphism with 
fiber dimension 1. Take a desingularization Coo —* C^ which factors through 
X L- We P ut c n ■= Coo x Too T n , and C Voo := C^ x Tao Spec k^). Then C Voa 
is a proper regular curve over /c(r]oo)- Moreover, one can define ^oo/c as 
the limit of the formal sheaf {^c n / C }- Then, the Kodaira-Spencer class flc^ 
for -> Spec k^) is well-defined as an element of H l {.C Voo ,Q C r, 00 /K Voo ))- 
Then, the final argument in the proof of Proposition 24 is valid in our case. 

The same argument of Proposition 25 now yields: 
Corollary 30. Let Y be an afftne symplectic variety. Let 

X -A Y t- X' 



be a diagram such that, 
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1. / (resp. /') is a crepant, birational, projective morphism. 

2. X (resp. X') has only terminal singularities. 

3. X (resp. X') is Q-factorial. 

Then, there is a flat deformation 

v v V 4 Y' 

^-oo 1 OO ^"OO 

over Tqo := SpecC[[t]] of the original diagram X — > F <— X' snc/i £/ia£ 

(i) Xoo — > Tqo awd A^ — *■ ^oo ar & both locally trivial deformations, and 

(ii) the generic fibers are all isomorphic: 

A r, = ^ = 

/or i/ie generic point r] G Tx.. 

In Corollary 30, X v (res. X') is not of finite type over k(r)). So, at this 
moment, it is not clear how the singularities of X are related to those of X' . 
However, one can say more when X is smooth: 

Corollary 31. With the same assumption as Corollary 30, if X is non- 
singular, then X' is also non-singular. 

Proof. Since X is non-singular, X^ is formally smooth over C. Since 
X v = Y v , Foo is formally smooth over C outside Y . By [Ar 2, Theorem 3.9] 
(see also [Hi], [Hi], [Ka 3]), for each closed point p G Y, there is an etale map 
Zoo —> Y^oo whose image contains p G Y^, and — > Tx, is algebraized to 
Z — > T. Here T = Spec C[t]. The completion Z oi Z along the closed fiber 
coincides with Zoo- The diagram 

Y s. V 4 Y 1 

^ v oo 1 oo oo 

is pulled back by the map Z^ — > Fqo to 

-^oo x Y OQ Zoo ^oo XYoo Zoo- 

Take generic fibers of this diagram over Too- Then three generic fibers are all 
isomorphic. Hence, the formal completion of the diagram along the closed 
fibers (over G Tx.) gives two "formal modifications" in the sense of [Ar 3]. 
By [Ar 3], there exists a diagram of algebraic spaces of finite type over C: 
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which extends such formal modifications. Take the closed fibers of this dia- 
gram over G T. Then Xq is non-singular since Xq is etale over X. On the 
other hand, X and Xq both have locally trivial deformations to a common 
affine variety Z t (t ^ 0) by the diagram. Therefore, Xq is non-singular. Since 
Xq is etale over X' and the image of this etale map contains by the 

construction, X' is non-singular at every point q G X' with f'(q) = p. Since 
p G Y is an arbitrary closed point, X' is non-singular. 

6 Examples 

Example 32. Assume that O x C sl(n) is the orbit containing an nilpotent 
element x of Jordan type d := [d±, c4]- Let [s±, s m ] be the dual partition 
of d, that is, Sj := > i}. Let P C SL(n) be the parabolic subgroup of 

flag type (si, ...,s m ). Define F := SL{n)/P. Note that /^(F,^) = m - 1. 
Let 

ri C • • • C r m _i C C n ® c 

be the universal subbundles on F a . A point of the cotangent bundle T*F of 
F is expressed as a pair (p, 0) of p G F and G End(C n ) such that 

0(C) C ^(p),-.. ,0(r 2 (p)) C r^),^))^. 

The Springer resolution 

s : T*F -> O x 

is defined as s CT ((p, 0)) := 0. Therefore, T*F is a smooth convex symplectic 
variety. Let S be the universal extension of Of by In other words, S fits 
in the exact sequence 

-> ft], -> 5 A C™" 1 -> 0, 

and the induced map H°(F, Op" 1 ) — > H 1 (F, Q l F ) is an isomorphism. The 
locally free sheaf £ can be constructed as follows. For p G F CT , we can choose 
a basis of C n such that f^(p) consists of the matrices of the following form 

/ * ••• * \ 
••• * 



\ 
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Then £{jp) is the vector subspace of sl(n) consisting of the matrices A of 
the following form 



/ ai 


* 







a 2 • ■ 


* 


U 


•■ 





where a; := a,iI Si and I Si is the identity matrix of the size s$ x Sj. Since 
A G sl(n), SjSjOj = 0. Here we define the map i](p) : £{p) — > C® m_1 as 
?7(p)(^4) := (ai,a 2 ,--- ,a m _i). Let A(£*) := SpecpSym'(£*) be the vector 
bundle over F associated with £. Then we have an exact sequence of vector 
bundles 

_> T*F -> A(£*) -> F x C n_1 -> 0. 
The last homomorphism in the exact sequence gives a map 

/ : A(£*) -> C m -\ 

where / -1 (0) = T*F. This is a universal Poisson deformation of the Pois- 
son scheme T*F (with respect to the canonical symplectic 2-form). In fact, 
by Proposition 1.4.14 of [C-G], there is a relative symplectic 2-form of / 
extending the canonical symplectic 2-form on T*F; hence / is a Poisson de- 
formation. Let p : T*F — > F be the canonical projection. Then we have a 
commutative diagram of exact sequences: 

► p*Q} F > p*£ > p*0™~ 1 > 

1 1 ( 2 °) 

> ®t* F * @A(£*)|t*F * ^T*F/A(£") * 

Let T be the tangent space of the base space C m_1 of / at G C m_1 . 
The Kodaira-Spencer map Of of / is given as the composite 

T - H°(T*F, Nt*f/a(£*)) - H\T*F,e T * F ). 

On the other hand, if one identifies T with H°(F, then one has a map 

By the construction, the Kodaira-Spencer map is factored by this map: 
T -> ft],) -> H\T*F, Q T . F ). 
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The first map is an isomorphism by the definition of S. The second map is an 
injection. In fact, let S C T*F be the zero section. Then N$/t*f — an d 
the composite H l (F, Q F ) — > H 1 (T*F, ®t*f) —> H 1 ^, fig) is an isomorphism. 
Therefore, the Kodaira-Spencer map Of is an injection. Since / is a Poisson 
deformation of T*P, the Kodaira-Spencer map Of is factored by the "Poisson 

□P. 

1 f 



Kodaira-Spencer map " Of- 



T -4 H 2 (T*F, C) -> H 1 (T*F, Q^ F ). 

Hence Of is also injective. Since dimT = h 2 (T*F, C) = m — 1, Of is actually 
an isomorphism. 

More generally, let G be a complex simple Lie group and O be a nilpotent 
orbit in g := Lie(G). Assume that the closure O of O admits a Springer 
resolution /i : T*(G/P) — > (5 for some parabolic subgroup P G G. One 
can identify T*{G/ P) with the adjoint bundle G x p n(P), where n(P) is the 
nilradical of p := Lie(P). Let r(P) be the solvable radical of p and let m(P) 
be the Levi-factor of p. We put t(P) := g m ( p ), where 

g m(P) ;= {;rG0 . [ x> j / ] = o, J/ em(P)}. 
In [Na 4, §7], we have defined a flat deformation of T*(G/P) as 

Gx p r(P) ->t(P). 

Then this becomes a universal Poisson deformation of T*(G/P). 

Example 33. Let O be the nilpotent orbit in sl(3) of Jordan type [1, 2]. 
Then the closure O has two different Springer resolutions 

T*(SL(3)/P li2 ) ^6^ T*(SL(3)/P 2tl ), 

where P12 and P^\ are parabolic subgroups of SL(3) of flag type (1,2) and 
(2, 1) respectively' We put X + := T*(SL(3)/ P lj2 ) and X~ := T*(SL(3)/P 2A ). 
Then X + and X~ are both isomorphic to the cotangent bundle of P 2 . We 
call the diagram a Mukai flop. Let G C SL(3) be the finite group of order 3 
generated by 
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where ( is a primitive 3-rd root of unity. Then G acts on O by the adjoint 
action. Since the Kostant-Kirillov 2-form on O is SX(3)-invariant, the tr- 
action lifts to symplectic actions on X + and X~ . Divide O, X + and X~ by 
these G-action, we get the diagram of a singular flop: 

X+/G -> (5/G <- X-/G. 

Here X + /G (resp. X~/G) has 3 isolated quotient (terminal) singularities. 
This is a typical example of Corollary 25. 

7 Appendix 

(A.l) Let F := Spec R be an affine variety over C. A C*-action on F is a 
homomorphism C* — > Autc(-R) induced from a C-algebra homomorphism 

R®c C[t,l/f]- 

More exactly, a C-valued point of C* is regarded as a surjection of C-algebras: 

a : C[t,l/f] C. 

Then 

i2->i2<g> c C[t,l/*] ^i? 

is an element of Autc(-R)- If this correspondence gives a homomorphism 
C* — > Autc(-R), we say that i? (or F) has a C*-action. A C*-action on F 
is called good if there is a maximal ideal rriR of R fixed by the action and if 
C* has only positive weight on uir. Next let us consider the case where F is 
the spectrum of a local complete C-algebra R with R/rriR = C. A C*-action 
on F is then a homomorphism C* — > Autc(-R) induced from a C-algebra 
homomorphism 

R^ R(g) C C[t,l/t], 

where R<S>cC[t, l/t] is the completion of R ®c C[t, 1/t] with respect to the 
ideal ttir(R ®c C[£, l/t]). Then the C*-action is called good if C* has only 
positive weight on the maximal ideal of R. 

Lemma (A. 2). Let (A,m) be a complete local C-algebra with a good 
C* -action. Assume that A/m = C. Let R be the C-vector subspace of A 
spanned by all eigen-vectors in A. Then R is a finitely generated C-algebra 
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with a good C* -action. Moreover, R = A where R is the completion of R 
with the maximal ideal m R . 

Proof. Since A/m k (k > 1) are finite dimensional C-vector spaces, they 
are direct sum of eigen-spaces with non-negative weights: 

A/m k = ® w (A/m k ) w . 

The natural maps (A/m k ) w — > (A/m k ~ 1 ) w are surjections for all k. Since 
m/m 2 is also decomposed into the direct sum of eigen-spaces, one can take 
eigen-vectors fa, (i = 1,2,...,/) as a generator of m/m 2 . We put Wi : = 
wt(fa) > 0. One can lift fa to fa G \im(A/m h ) Wi by the surjections above. 
Since A is complete, fa G A and wt(fa) = Wi. Put w m i n := min{wi, w{\ > 
0. We shall prove that R — C[fa, fa]. Let ip G A be an eigen- vector with 
weight w. Take an integer k such that G m fc ° and ip ^ m feo+1 . Since 
every element of m k °/m ko+1 can be written as a homogenous polynomial of 
(j) = (fa, fa) of degree ko, we see that 

ij = f ko (fa,...,fa) (modm^ 1 ) 

for some homogenous polynomial fk of degree ko- We continue the similar 
approximation by replacing ip with tp — fk (<P)- Finally, for any given k, we 
have an approximation 

i> = fM + ■■■ + (modm fc ). 

Assume here that k > w/w min . We set ip' := S fe() <j< fc _ 1 / i (0). Assume that 
ip — ip' G m r and ip — ip' ^ m r+1 with some r > k. Since ip — ip' has weight 
w, [0 — 0'] G m r /m r+1 also has weight u>. On the other hand, every non-zero 
eigen- vector in m r /m r+1 has weight at least rw min . Hence w > rw min , but 
this contradicts that r > k > w/w min . Therefore, %p = %p' mod m r for any r. 
Thus, 

V> = / feo (0) + ... + / fe -i(0). 

This implies that R = C[fa, fa]. Let m R C R be the maximal ideal 
generated by 0j's. Let Rk be the C-vector subspace of m k (c A) spanned 
by the eigen-vectors. The argument above shows that Rk = (mn) k . Since 
Rk = ®w lim(m fe / 'm k+l ) w , we conclude that (m R ) k = ® w \im.(m k / m k+l ) w . We 
now have 

R/{m R ) k = ® w lim(A/m i ) w / ® w \im(m k / m k+i ) w = 
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® w {\im(A/mT/\im(m k /m k+l ) w } = @ w (A/m k ) w = A/m k . 

Here the 2-nd last equality holds because {(m k /m k+l ) w }i satisfies the Mittag- 
Leffler condition. This implies that R — A. 

(A. 3) Let R be a integral domain finitely generated over C or a complete 
local C-algebra with residue field C. Assume that R has a good C*-action. 
Let M be a finite .R-module. We say that M has an equivariant C*-action 
if, for each a G C*, we are given a map 

o, : M -■ M 

with the following properties: 

(1) 4> a is a C-linear map. 

(2) (f) a (rx) = a(r)(p a (x) for r G R and x G M. 

(3) <p aT = (pa- o (p T for cr, r G C*. 

(4) 0! = id. 

We say that a non-zero element x G M is an eigen-vector if there exists 
an integer w such that <p a (x) = a w x for all a G G. 

Let M and be -R-modules with equivariant C*-actions. Then an R- 
homomorphism / : M — > N is an equivariant map if / is compatible with 
both C*-actions. 

Lemma (A. 4). Let A and R be the same as Lemma (A. 2). Let M 
be a finite A-module with an equivariant C* -action. Define Mr to be the 
C-vector subspace of M spanned by the eigen-vectors of M. Then Mr is a 
finite R-module with an equivariant C* -action. Moreover, Mr ®r A = M. 

Proof. The idea is the same as Lemma (A. 2). The finite dimensional 
C-vector space M/m k M is the direct sum of eigen-spaces. Thus, for each 
weight w, 

{M/m k M) w -> {M/m^MY 

is surjective. Let X{ (i = 1, r) be the eigen-vectors which generate M/mM. 
We lift x~i to Xi G M by the surjections above. Since M = M, Xi are eigen- 
vectors of M. We set := wt{xA and u min := min{ui, u r }. We shall 
prove that Mr is generated by {x^ as an i?-module. Let y G M be an 
eigen-vector with weight u. Take an integer k such that y G m k °M and 
y qt m ko+1 M. Let us consider the surjection 

m ko /m h,+1 ® M/mM -> m k ° M / m h>+1 M . 
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As in the proof of Lemma (A. 2), every element of m k ° /m ko+1 is written as 
a homogenous polynomial of 0i, fa of degree ko, where fa are certain 
eigen-vectors contained in R. We put w min := min{wt (fa ),..., wt(fa)} > 0. 
On the other hand, M/mM is spanned by x^s. Thus, 

y = T,ri(fa)Xi mod m ko+1 M, 

where r\ are homogenous polynomials of degree k such that wtir^fa)) +Ui = 
u. We write g k{) for the right-hand side for short. Now, we have y — gk £ 
m ko+1 M. By replacing y with y — gk , we continue the similar approximation. 
Finally, for any k, we have an approximation: 

V = 9k + 9k +i + ... + 9k-i mod m k M. 

By the construction, y — Y*k <i<k-igi is an eigen- vector with weight u. In par- 
ticular, [y — ^k a <i<k-i9i] £ m k M/m k+1 M has weight w. On the other hand, 
every non-zero eigen- vector of m k M/m k+1 M has weight at least kw min +u min . 
If we take k sufficiently large, then kw m i n + u m i n > u. This implies that 
[y — T 1 k l) <i<k-\gi\ = 0. Repeating the same, we conclude that, for any r > k, 

y = *£k <i<k-i9i mod m r M. 

This implies that, in M, 

V — ^k <i<k-l9i- 

Thus, Mr is generated by {xi} as an i?-module. Let M\~ be the subspace 
of M spanned by the eigen-vectors in m k M. Then the argument above 
shows that M k = (m R ) k M R . Then, by the same argument as Lemma (A. 2), 
M R /(m R ) k M R = M/m k M; hence M R ® R A = M. In order to prove that 
M R has an equivariant C*-action, we have to check that <f) a (M R ) C M R for 
all a G C* (cf. (A.3)); but it is straightforward. 

Proposition (A. 5). Let A be a local complete C-algebra with residue 
field C and with a good C* -action. Let f : X — > Spec(A) be a C* -eqivariant 
projective morphism and let L be an f -ample, C* -linearized line bundle. Let 
R be the same as Lemma (A. 2). Then there is a C* -equivariant projective 
morphism f R : X R — > Spec(i?) and a C* -linearized, f R -ample line bundle 
L R , such that X R x Spcc (^) Spec(A) = X and L R ® R A = L. 

Proof. We put A { := r(X,L® i ) for i > 0. Then, X = Proj A ©i> A { . 
If necessary, by taking a suitable multiple L® m , we may assume that A* : = 
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Q)i>oAi is generated by A\ as an A (— A)-algebra. By Lemma (A. 4), we take 
a finite .R-module Ai jR such that Ai >R ® R A = Aj. The multiplication map 
A ®A A ^i+j induces a map A iijR (g)^ A jii? -> A i+jiR ; hence (A*) R : = 
®i>oA itR becomes a graded i?-algebra. We shall check that (A*) R is a finitely 
generated R'-algebra. In order to do this, we only have to prove that (A R )* 
is generated by A 1R as an i?-algebra since A 1R is a finite i?-module. Let us 
consider the n-multiplication map 

n 

m n : A ljR ® R ... ® R A hR -»■ A HjR . 

Let M be the cokernel of this map. Since m n is a C*-equivariant map, M is 
a finite -R-module with an equivariant C*-action. Taking the tensor product 
® R A with m n , we get the n-multiplication map for A*; but this is surjective 
by the assumption. Therefore, M := M (£) R A = 0. The support of M is 
a closed subset of Spec(-R), stable under the C*-action. Since M — 0, this 
closed subset does not contain the origin G R] hence it must be empty 
because R has a good C*-action. Finally it is clear that (Ar)* ®_r A = A* 
by the construction. 

Proposition (A. 6). Lei / : X — > Spec(A) and : X fi — > Spec(i?) 
&e i/ie same as Lemma (A. 5). Let F be a coherent sheaf of X with a C*- 
linearization. Then there is a C* -linearized coherent sheaf F R of X R such 
that F R (g) R A = F. 

Proof. We put O x {l) '■= (©,>oAj)[l]. Then the coherent sheaf F can be 
written as 

F = @ i > Q T(X,F{i)). 

Let us write Mj for F{i)). By Lemma (A. 4), there is a finite -R-module 
M i>R such that M i)fl ® R A = We define 

F fi := ®^M l)R . 

We shall prove that (M*) R := ©^oMj^ is a finite (A*) .R-module. There is 
an integer no such that, for any i > no, and for any j > 0, the multiplication 
map 

i 

Ai ®a ... ®a A 1 (g) Ao Mi -> M l+j 
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is surjective. For the same i, j, let us consider the i?-linear map 

3 

, * V 

M,r ®r...®r A hR ® R M ijR -> M i+jyR . 

Let N be the cokernel of this map. Since this i?-linear map is compatible 
with the C*-action on R, N is a finite .R-module with an equivariant en- 
action. By the choice of % and j, N := N ® R A is zero. This implies that 
N = 0. 

Proposition (A. 7) Let Y be an affine symplectic variety. Assume that 

Y has a good C* -action with a fixed point EY . Assume that, in the analytic 
category, Y an admits a crepant, projective, partial resolution f : X — > Y an 
such that X has only terminal singularities. Then, in the algebraic category, 

Y admits a crepant, projective, partial resolution f : X — > Y such that 
X an = X and f an = f. 

Proof. (STEP 1): We shall prove that the C*-action of Y an lifts to X. 
Since Y an is symplectic, one can take a closed subset S of Y an , stable under 
the C*-action and codim(S C Y an ) > 4, such that the singularities of Y an — E 
are local trivial deformations of two dimensional rational double points. We 
put Y := Y an — E. Since / is the minimal resolution over Y , the C*-action 
on Y extends to X := / _1 (F ). Note that, in X, X — X has codimension 
at least two by the semi-smallness of / ([Na 3]). The C*-action defines a 
holomorphic map 

a : C* x Xq — > Xq, 
and this extends to a meromorphic map 

a : C* x X > X. 

Let us prove that o t :X > X, which is an isomorphism in codimension 

one, is actually an isomorphism everywhere for each t £ C*. Let C be an 
/-ample line bundle on X. We put C° t := (a°)*C\{ t } xX{1 . Since Pic(X ) is dis- 
crete, £° are all isomorphic to C\x - Since C\x extends to the line bundle C 
on X, (a°)*C extends to a line bundle on C* x X, say cr*C by abuse of nota- 
tion. The line bundle Ct :— o~*£,\{t}xx coincides with the proper transform of 
£ by a t . Since £„(= C) is /-ample and Pic(X/Y an ) := Pic(A')//*Pic(F an ) 
is discrete, C t are all /-ample. This implies that a t are all isomorphisms and 
a is a holomorphic map. One can check that a gives a C*-action because it 
already becomes a C*-action on X . 
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(STEP 2): Let Y n be the n-th infinitesimal neighborhood of Y an at 0, 
which becomes an affine scheme with a unique point 0. We put X n : = 
X Xyan Y^ n . By GAGA, there are projective schemes X n over Y n such that 
(X n ) an = X n . Fix an /-ample line bundle C on X. Again by GAGA, it 
induces line bundles L n on X n . The C*-action on X induces a C*-action on 
X n for each n. This action induces an algebraic C*-action of X n . In fact, 
the C*-action of X originally comes from an algeraic C*-action on Y, the 
holomorphic action map 

C* x X -> X 

extends to a meromorphic map 

P 1 x X > X. 

Thus, the holomorphic action map 

C* x X n — > X n 

extends to a meromorphic map 

P x X n > X n . 

Thus, by GAGA, we have a rational map 

P 1 x X n > X n 

which resticts to an algebraic C*-action on X n . Let us regard {X n } and {Y n } 
as formal schemes and {f n : X n — * Y n } as a projective equivariant morphism 
of formal schemes with C*-actions. Put A := limCV n ,o and Y := Spec(A). 
Then, by [EGA III], Theoreme 5.4.5, the projective morphism of formal 
schemes can be algebraized to a projective equivariant morphism of schemes 

/ : X - Y. 

The affine scheme Y admits a C*-action coming from the original C*-action 
on Y, which is compatible with the C*-action on {Y n }. The C*-action on 
{X n } naturally lifts to X in such a way that / becomes a C*-equivariant 
morphism. In fact, let 

a n : C* x X n — > X n 
be the C "-action on X n . Let us consider the morphism (of formal schemes): 



id x {a n } : C* x {X n } -> C* x {X n }. 
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Here we regard the first factor (resp. the second factor) as a C* x {In- 
formal scheme by id x ({/ n } o {o" n }) (resp. id x {/ n })- Then the morphism 
above is a C* x {y n }-morphism. By [ibid, Theoreme 5.4.1], this morphism 
of formal schemes extends to a C*x Y^morphism 5 

C*xX -> C*xX, 

where the first factor (resp. the second factor) is regarded as a C*x Y~-scheme 
by idxf o a (resp. idxf). The extended morphism gives a C*-action 

c*xx -> c*xi^i 

Moreover, {L ra } is algebraized to an /-ample line bundle L on X ([ibid, 
Theoreme 5.4.5]). Since C is fixed by the C*-action on X, L is also fixed by 
the C*-action on X. 

Lemma (A. 8). Let f : X — > Y be a C* -equivariant projective morphism 
where Y = Spec (A) with a complete local C- algebra A with A/m = C. 
Assume that f^O^ = Of- Let L be an f -ample line bundle on X fixed by 
the C* '-action. Then L® m can be C* -linearized for some m > 0. Moreover, 
in this case, any C*-fixed line bundle M on X is C* -linearized after taking 
a suitable multiple of M. 

Proof. We only have to deal with an /-ample line bundle L. In fact, let 
M be an arbitrary line bundle on X fixed by the C*-action. Then M <g> L® r 
becomes /-ample for a sufficiently large r. If we could prove the lemma for 
/-ample line bundles, then M® m <g> l® rm is C*-linearized. Since l® rm is also 
C*-linearized, M® m is C "-linearized. We assume that L is /-very ample 
and X is embedded into P^(H°(X,L)) as a F-scheme, where H°(X,L) is a 
free A-module of finite rank, say n. Since C* acts on A, we regard C* as a 
subgroup of the automorphism group of the C-algebra A. Let a G C* and 
let M be an A-module. Then a C-linear map : M — > M is called a twisted 
A-linear map if there exists o~ G C* and <j)(ax) = cr(a)<f>(x) for a G A and 
for x G M. Now let us consider the case M = H°(X,L), which is a free 
A-module of rank n. We define G(n, A) to be the group of all twisted A- 
linear bijective maps from H°(X,L) onto itself. One can define a surjective 
homomorphisms G(n, A) — > C* by sending G G(n, A) to the associated 

5 x means the formal product. Let B be the completion of A[t, l/t] by the ideal 
mA[t, 1/t] where m C A is the maximal ideal. Then C*xY = Spec(i?). The scheme 
C* xX is defined as the fiber product of C* x X -» C* x Y and C* xY -> C* x y. 
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twisting element a G C*. Note that this homorphism admits a canonical 
splitting i : C* — > A) defined by t(o")(xi, x n ) := (cr(rri), cr(x ri )). 
There is an exact sequence 

1 -> GL(n, A) -> G(ra, A) -> C* -> 1. 

Let us denote by A* the multiplicative group of units of A. One can embed A* 
diagonally in GL(n,A); hence in G(n, A). Then A* is a normal subgroup of 
G(n,A). The group PG(n, A) := G(n,A)/A* acts faithfully on H°(X,L) - 
{0}/A*. On the other hand, define S(n,A) to be the subgroup of G(n,A) 
generated by SL(n, A) and t(C*) There are two exact sequences 

1 -> SX(ra, A) -> A) -> C* -> 1, 

and 

1 -> PGL{n, A) -> PG(n, A) -> C* -> 1. 

Since A is a complete local ring and its residue is an algebraically closed 
field with characteristic 0, the canonical map SL(n, A) — > PGL(n, A) is 
a surjection; hence the composed map S(n, A) — > G(n, A) — > PG(n, A) is 
surjective. 

Let us start the proof. Note that H°(X, L) - {0} /A* is identified with the 
space of Cartier divisors whose associated line bundle is L. Since L is fixed by 
the C*-action, the C* action on X induces a C* action on H°(X, L) — {0}/A*. 
This action gives a splitting 

a : C* -> PG(n,A) 

of the exact sequence above. We want to lift the map a to S^n, A). We put 
if := (/9 _1 (q;(C*)), where : A) — > PG(n, A) is the quotient map. Since 
Ker(y9) = fi n , H is an etale cover of C*. Now H acts on H°(X,L). The H 
naturally acts on the n-th symmetric product S n (H°(X, L)), where \x n acts 
trivially. Therefore, we get a C*-action on S n (H°(X,L)). This C*-action 
induces a C*-linearization of Op( H °(x L)( n )- Since L® n is the pull-back of 
this line bundle by the C*-equivariant embedding X — > P(P°(X,L)), L®" 
has a C*-linearization. 

By the lemma above, L® m is C*-lineraized for some m > 0. Now one can 
write 

X = Proj i ©„> U® nm , 
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where each /*L® nm is an A-module with C*-action. Since F has a good en- 
action, there exists a projective C*-equivariant morphism / : X — > F such 
that X Xy F = X by Proposition (A. 5). 

(STEP 3): We shall finally show that X an = X and f an = f. The 
formal neighborhoods of X an and X along / -1 (0) are the same. By [Ar], 

the bimeromorphic map X an > X is an isomorphism over a small open 

neighborhood U of G F an . But, since F an has a good C*-action and 
this action lifts to both X an and X, the bimeromorphic map must be an 
isomorphism over Y an . 

Proposition (A. 9). Let Y = Spec(A) be an affine variety with a good 
C* -action and let f : X — > F &e a birational projective morphism with X 
normal. Assume thatY has only rational singularities, and X is Q-factorial. 
Then X an is Q-factorial. 

Proof. Let g : Z — > F be a C*-equivariant projective resolution. Let 
G F be the fixed origin of the C*-action and let F := Spec(A) where A is 
the completion of A at 0. We put Z := Z x Y Y and denote by g : Z — > F 
the induced morphism. Since F has only rational singularities, Pic(Z an ) = 
H 2 (Z an ,Z), which is discrete. Hence every element C G Pic(Z an ) is fixed 
by the C*-action. Take an arbitrary line bundle C. We shall prove that, for 
some m > 0, C® m comes from an algebraic line bundle. As in the proof of 
Proposition 26, L defines a line bundle L on X. By Lemma (A. 8), L® m is C*- 
linearized for some m. By Proposition (A. 6), L® m extends to a C*-linearized 
line bundle M on Z. By the construction, there is an open neighborhood 
U of G Y an such that M an \ (gan) -i {u) £® m | (sa n)-i (l7) . Since F an has a 
good C*-action, one can assume that H 2 (Z an ,Z) = iJ 2 ((^ an )- 1 (f/), Z); this 
implies that Pic(Z an ) = Pic((^ an )- 1 (f/)). Thus, M an = C® m . Let us take a 
common resolution of Z and X: h\ : W ^ Z and /12 : IF — > X. Let Z) be 
an irreducible (analytic) Weil divisor of X an . Take an irreducible component 
jy of {h% n )~ l (D) such that (h% n )(D') = D. We put D := (h1 n ){D'). We first 
assume that D is a divisor of Z an . Then the line bundle O z <™{rD) becomes 
algebraic for some r > 0. Hence Ow an (rD') is algebraic. Finally, the direct 
image (h^^Ow^i^D') is algebraic, and its double dual is also algebraic. 
Thus we conclude that Ox an (j'D) is an algebraic reflexive sheaf of rank 1. 
We next assume that D is not a divisor. Then D' is an exceptional divisor of 
hi. In this case, W an(D') is algebraic, and the same argument as the first 
case shows that O x ™(D) is algebraic. 
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Corollary (A. 10). Let Y be an affine symplectic variety with a good 
C* '-action. Then the following hold. 

(i) If f : X — > Y is a Q-factorial terminalization, then X an is Q-factorial 
as an analytic space. 

(ii) If f : X — > Y an is a Q-factorial terminalization as an analytic space, 
then there is a projective birational morphism f : X — > Y such that X an = X 
and f an = f. 
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